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1. (10 points) Find integers a and b such that

=) ()

for all m. Then use it to find the sum the series 12 + 2% + ... + n2.
Answer: a = 2 b= _1 124224 .. +n?®= 2(”;:1) + (";rl) = "7(%1)6(2"“)

Solution :

-1 — 2b
mQ—a<T2n> +b<m> —am<m>+bm—;m2+ ot m

Thusa=2,0=1
Recall the equation (5.19) from the textbook, we have

()= () )+ ) e () ()

Therefore,
1P +2° 4+ . 4n° —mil {2(75) + (T)] =2 L_l (7;) + m: (”f)]
(1) (1)
BNUR VTG E VIN G VS lngl ﬂ

6 2
n(n+1)2n+1)
6
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2. (10 points) A bakery sells six different kinds of donuts, includes original, glazed, chocolated,
banana milk, mango and strawberry. If the bakery has at least a dozen of each kind, how many
different options for a dozen of donuts are there? What if a box is to contain at least three of
chocolated donuts and two strawberry donuts?

—REABEHENEREREHEE - OKZRK - 185 ~ I5=H  FEEF)  ERRES -
NRZIESEREREDE—T (12 @) > AR (a) PIREECH A Z DT AR EITEIRRVEHEHE ? (b)
MREFEEVEF=—EILRENOKIREESORN - XEZ0E?

Answer: (a) (17) , () (D)

5 5

Solution :

(a) Suppose that 1 < i < 6, we choose n; donuts of the i kind. Each of {n;}$_; is nonnegative
and Z?:l n; = 12. The number of ways to pick the {n;}%_, is

124+6-1\ (17
6-1 /) \5
(b) Since chocolated donuts are the third kind and strawberry donuts are the sixth kind, we

define m; = n; for i = 1,2,4,5, m3 = n3 — 3, mg = ng — 2. Each of {m,;}%_, is nonnegative and
S m;=12—3 —2=17. The number of ways to pick the {m,;}_, is

()
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3. (10 points) Twenty-four different books are to be put on six book shelves, each of which holds
at least twenty-four books. Ei§ 24 AARENENE 6 BEZE L » BREISBSEE/DEEN 24 & -

(a) How many different arrangements are there if you only care about the number of books on
the shelves (and not which book is where)? MR REAOER LENHE (MAEOMASE
IMESZE L) - BER ZDEREREE ?

(b) How many different arrangements are there if you care about which books are where, but

the order of the books on the shelves doesn’t matter? YNREAOIIAEZENEMEEZZE L » BER
FOESEERLENIER - BIEEZ/ VEAREEE ?

(c) How many different arrangements are there if the order on the shelves does matter? #5R

FETREAERLNER > BIEXA S DEAEREEE?
Answer: (a) (%), (b) _6* ., (c) 241(%) .

Solution :

(a) For 1 < i <6, let z; denote the number of books on shelf i. The seeking number are the

number of integral solution for the following equation.

(=2}

» wi=24, 2, >0, fori=16

=1
24+6-1\ (29
6—1 \5

(b) For 1 < ¢ < 6, there’s 6 ways to put book 7 on a shelf. The answer is 6.

The answer is

(¢c) For 1 < i <6, let a; denote the number of books on shelf i. Using part (a), there’s (¥) to

find the number of books on each shelf.
24

ways. For each shelf
X1, T2, X3, X4, L5, L

We can divides books match the above number in <
i, we can order the book in z;! ways.

Thus the answer is product all above:

2 24 2
) IL’1!II,’2!I173!IIZ4!$5!IL’6! = 24! )
b} L1, T, X3, X4, L5, T 5
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4. (10 points) A student has 37 days to prepare for an examination. From past experience she
knows that she will require no more than 60 hours of study. She also wishes to study at least 1
hour per day. Show that no matter how she schedules her study time (a whole number of hours
per day, however), there is a succession of days during which she will have studied exactly 13

hours.
—ﬂﬁlf—*iﬁ 37 RFAAZREHEES - *E}FL/{EEE’JZ‘“ B > W EIE AV Z SRR 60 /\EF - gt
HZ2MBRENDER—E/NGFNE - 5508 « Bt EELHHTNESTE (BRORER

F'a‘i%B%—ﬂEI%%i/J\H?:) ) BIFTE EiEE’J%&?E FEERRE > WISIFIZT 13 fE/)\EFRIE -

Solution :

For 1 <1 < 37 let b; denote the number of hours the student studies from day 1 to day i. We
have 1 < by < by < ... < b3y < 60 since ZZI b; < 60. Let ¢; = b; + 13. Consider the numbers
{c1,¢9,...;c37} U {b1, b, ..., b37} . There are 74 numbers in the list, all among 1,2, ...,73 since
ST ¢ < 60+ 13 = 73. By the pigeonhole principle the numbers {c, ¢y, ..., 37} U {bl, by, ..., bar }
are not distinct. Therefore there exist integers 4, j (0 < i < j < 37) such that b; = ¢;. Therefore
biy1+ - - - +b; = 13. During the days ¢ + 1, . . . ,j the student will have studied exactly 13
hours.
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5. (10 points) Construct a permutation whose inversion sequences are 3, 2, 1, 2, 0, 0, 2, 0, 0.

Answer: 532164897

Solution :

By Algorithm I:

9 Ll ag =10

89 ag =0

897 . ary = 2
6897 . ag =0
56897 ... as =0
564897 ... ay = 2
5364897 ... as =1
53264897 ... as = 2
532164897 ... a, =

Solution :

By Algorithm II:

- - -1 - - - - - ... a; =3
- - 21 - - - - - . as =2
-3 21 - - - - - . az =1
-3 21 - 4 - - - . ag =2
5 3 2 1 - 4 - - - ... as =0
5 3 2 1 6 4 - - - ... ag =0
5 3 2 1 6 4 - - 7 ... ay =2
5 3 2 1 6 4 8 - 7 ... ag =0
5 3 2 1 6 4 8 9 7 ... ag =0
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6. (10 points) How many permutations of 1, 2, 3, 4, 5, 6, 7 have (a) exactly 23 inversions? (b)
exactly 21 inversions? (c) exactly 19 inversions?

Answer: (a) _mnone ,(b) _1  (c)__20

Solution :

(a)(b) For a permutation of 1, 2, 3,4, 5, 6, 7 the corresponding inversion sequence (a1, as, as, as, as, ag, az
satisfies 0 < a; < 7 —id for 1 <7 < 7. The total number os inversions is 25:1 a;. This total is

at most 6+5+4+3+2+1+0 = 21 with equality if and only if a; = 7 — 7. Therefore there is

NO permutation with 23 inversions and there is only ONE permutation with 21 inversions.

(¢) The number of permutations with 19 inversions is equal to the number of integral solutions

to
7

D a;=19,with0<a; <7-i(1<i<7)

i=1
Each solution (ay, as, as, a4, as, ag, a7) is obtained from (6, 5, 4, 3, 2, 1, 0) by subtracting 1 from
two of the first 6 coordinates ( (g) ways) or subtracting 2 from one of the first four coordinates
(5 ways). Therefore the number of solutions is (g) + 5 = 20. There are 20 permutations with

19 inversions.
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7. (10 points) Determine the coefficient of z3x,z322 in the expansion of

E TR vir,2ia? EIEAIERE -
(a) ([L’l + i) + I3 + T4 + ZL’5)10
(b) (1‘1 — X9 + 3ZE3 + T4 — 21’5)10

10! (—9) x 10!
Answer: (a) TSI 12600 , (b) —
Solution :
(a) '
10 10!
— — 12
(3, 1,4, 2) 3 x 1! x 4! x 2! ouu
(b)
1 .
(37 17(11’ 2) x 12 x (—1) x 3* x 19 x (=2)?
C 10T x 12 x (1) x 3 x 19 x (—2)?
B 3% 11 x 41 x 21
(—9) x 10!

8
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8. (10 points) Prove that if 11 integers are selected from among 1,2, ...,20, then the selection
includes integers a and b such that a—b = 2.
REBANE 1,2, .20 FETE 11 EEHF > AIMERTMREENH PR EMEH o IR b F15
a—b=2-°

Solution :

Let ’s divides 1 20 into 10 groups as the following:

(1, 3), (2, 4), (5, 7), (6, 8), (9, 11), (10, 12), (13, 15), (14, 16), (17, 19), (18, 20)

By the pigeonhole principle, the selected 11 integer must contains two integers a, b are in a same

group. Thus |a — b|] = 2.
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9. (10 points) Use combinatorial reasoning to prove the identity

n n—1 n—1 n—1
= + + ...+
N1, Moy ey T ny — 1,n9, ..., ng ny,ne — 1,...,ng N1, N,y ey N — 1

Solution :

B LRBES -



B2 REREE FE—RHHPE B - Page 11 of 11 10/19/2022

10. (10 points) Find the Ramsey number R(5,2) and explain why.

Answer: 5

Solution :

The following are copied from textbook page 79:

The Ramsey number r(2,n) and r(m, 2) are easy to determine. We show that r(2,n) = n:

1. 7(2,n) < n: If we color the edges of K, either red or blue, them either some edge is colored

red ( and so we have a red K3) or all edges are blue (and so we have a blue K,,).

2. 7(2,n) > n — 1: If we color all edges of K,_; blue, then we have either a red ks nor a blue
K,.
In a similar way, we show the r(m,2) = m. The numbers r(2,n) and r(m, 2) with m,n > 2 are

trivial Ramsey numbers.

Thus, we can prove it by replace m with 5.

2% , LTHREABER

Question: 1 2 3 4 5 6 7 8 9 10 | Total

Points: 10 10 10 10 10 10 10 10 10 10 100

Score:




