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1. (15 points) How many ways can n couples (2n people) be seated in a line so that forno couple
do the two people of the couple sit together. ( All couples mustbe split up.)
BZOEAINAIDGE n HXE (20 A) HEB—8F ERRAE—HXEFOMEALE—
i o (ﬁﬁﬁi‘i%ﬁﬂ/ \ﬁﬁﬁ T )

— !
Answer:  n! Z 2n Z)

(n—1i)l!

Solution :

We use inclusion-exclusion. Let S be the set of (2n)! arrangements. Let A; be the set of
arrangements in which couple i sits together. Then a; counts the arrangements in which couple
i sits together for each ¢ € I. To count this we gave (2n—i) units to arrange ( i couples and
2n—2i other individuals). Once they are arranged each of the i couple can be arranged in two

ways. So a; = 2'(2n—i)! if |I| = i. We count

=0 I1e25
=N (1) T,L)Zi(Qn—z)'
i=0 !
= (2n —)!
— 1 S (=2)
" Z( ) (n — )l



B2 REREE B RHEARZE RE - Page 3 of 11 11/30/2022

2. (10 points) Determine the number of integral solutions of the equation
r+y+z+w=20

that satisfy
1<2<6,0<y<7 4<2<8, 2<w<6.

Answer: 96

Solution :

Let’s change of variables y1 = — 1, o =y, y3 =2 —4 , yy = w — 2.

The question become seeking the number of integral solutions to
(x—1)+(y)+(z—4)+(w—2) :y1+y2+y3+y4=20—1—0—4—2:13

with
0<2x—-—1=y1<5,0< Yy, <7 0<2—4=y3<4, 0<w—-2=y, <4

Let S denote the set of nonnegative integral solutions to y; + yo + y3 + y4 = 13. Let A; (resp.
Ay ) (resp. Az ) (resp. Ay ) denote the set of elements in S such that y; > 6 (resp. y2 > 8)
(resp. y3 > 5) (resp. ys > 5). We seek |A; N Ay N A3 N Ayl . We have

set | S | A | Ay | 4s | A,

size | () ‘ (5) ‘ (5) ‘ (5) ‘ ()

set | A1NAy | AiNAs | AinAy | AN Ay | AN Ay | AsnAy | AinA;Nn 4

size | 0 (s) (s) (s) (s) (s) 0

By inclusion-exclusion

|A1 N Ay N Az N Ayl

“(5) ()~ () () - () () () - ()

=96
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3. (10 points) Determine the number of ways to place six non-attacking rooks on the following

6-by-6 board, with forbidden positions as shown.

Answer: 184 .

Solution :

6! =7 x5l +15 x4l —10x 31 +2x 2! =184

IRERANS page 180 BB FEIE—E—1% » THMERMUEME -
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4. (10 points) Solve the recurrence relation h,, = 4h,_; — 4h,_o with initial values hy = 3 and
h, = 16.

Answer:  h, =3 x 2" +5 x n2"

Solution :

Rewrite the given recurrence relation as h,, — 4h,,_1 + 4h,,_» = 0 The characteristic equation of
the recurrence relation is 12 — 4z +4 = (r —2)? = 0. Thus we have the characteristic are z = 2.

Therefore,
h, = c; X 2" + ¢y x n2"

Using the initial condition

}l0:3261X20+C2X0X20

hi=16=1c; x 2  +¢5 x 1 x 2

We have
C1 = 3, Co = 5
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5. (10 points) Solve the recurrence relation h,, = 4h,,_» with initial values hg = 4 and hy = 1.

Answer:  h,, = 2nHHED" = % x 2" + 4—1 X (=2)"

Solution :
By Method I:
h2n - 41h2n72 - 42}’121172><2 - 43h2nf2><3 = e = 4nh2n72><n - 4nhO - 4n+1 - 22n+2
h2n+1 - 41h2n+1—2 - 42h2n—|—1—2><2 - 4:3hQn—|—1—2><3 = = 4nh2n+1—2><n - 4nhl =4" = 22n

Since hg, = 22"*2, hgpq = 22", we have h,, = 27 H1+H(ED"

Solution :

By Method II:

Rewrite the given recurrence relation as h,, — 4h,_s = 0 The characteristic equation of the
recurrence relation is 22 — 4 = (z — 2)(x + 2) = 0. Thus we have the characteristic are
r=2,-2.

Therefore,
hp=c1 X 2" 4+ ¢o x (=2)"

Using the initial condition

h0:4261><20+02><(—2)0
h1:1201><21+02><(—2)1

We have
cCl = 9/4, Cy = 7/4
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6. (10 points) Use generating functions to find how many ways there are to put n identical balls
into four boxes, in such a way that the first box has no more than 3 balls, the second has a
multiple of 4 balls, the third has at least 5 balls, and there’s no restriction on the number of
balls in the fourth box.

{ERE R HF n ERBNKBRANEZ FREZMERLE  ERE—EEFFEEA 3
&3k » E_EEFE 4 EXNEH > F=EZTFEDA 5 @K > THENEZFRANIKER
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Answer:  h, = (”;‘3) ifn>5,and h,=0ifn <5

Solution :

The generating function is

Zhn:l;” =(l+z+22+2) 1+ +2°+ )@ +2°+2"+ )1+ +2°+ )
n=0

11—zt 1 z° 1
p— ><

1—=x 1l—24 1—2 1—2
Y



BRI FETRHERPE BRE - Page 8 of 11 11/30/2022

7. (15 points) Let h,, denote the number of ways to color the squares of a 1-by-n board with the
colors red, white, blue, and green in such a way that the number of squares colored red is even,
the number of squares colored white is odd and the number of squares colored blue is even.
Determine the exponential generating function ¢(¢(z) for the sequence hg, by, g, .... and then
find a simple formula for h,,.

2 h, RMALE AR EZB®HNGEE | xn ARIRERSEZNHE > THABHIRNE
EHBE > HEHRNHERSTE > EEHMNHEZBE - EERI ho, by, he, ... BIIEE
HREREL ¢\ (x) - WLALEHE b, RORGEAR -

4z 2¢ _ —2x __ 1
Answer: (a) ¢ (z) = e ‘ :

923
4n + 2n o (_2)n .
(b) h, = 5 ,ifn>0,and hy =0
Solution :
The generating function is
- " 2t r x> 2 x? r  x?
;h”n!_(1+2!+4!+"')(1!+3!+5!+"')(1+2!+4!+"')(1+1!+2!+"'>
e,’L’ + 6—,’[} e.’L’ . 6—.’1} 6”1 + (),—”L .
= X X x e*
2 2 2
64:1: + 62:1; o E/—Q{IJ -1
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8. (10 points) Find the (ordinary) generating function for the infinite sequence hyg, hy, ho, ...

fined by h,, = (g)

Answer: i f e
Solution :
2 1
(1—xz)3 2

=122+ 323 +... +

<n> .
€T
2

-3

n<2

=1l+a+22+22+ . +2"+ ..
1—=x

x —mi 1
(1—2)2 “dr\1—x

_ i 2 3 n
_Idx (1+x+x +z°+ ...tz —|—)

=o+222+32% + ... +na"+ ...

H‘dd ((1—xx>2>

d
=T (z+22°+32° + ..+ na" + ...)
a

=+ 2222+ 3% + .+ nla" +

rz+1) @
(1—x)? (1$V)

=3 (z+2%22+ 3% + .. +n2"+.) — (z+22° +32° + ..+ nz" + )

n2—n

2

"+

11/30/2022
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9. (10 points) Use combinatorial reasoning (A& #EFE) to prove the identity
n n n n n
D D, _ D, _ D, 3+ .. Dy =n!
(0) 2 () (3t (3) s ()=
with Dy = 1 and Dy, is the number of derangements of {1,2, ..., k}.

Solution :

HLEFREEB > MERE ch6 EZE 16 °



BB BAEE

FXRBFE 7

(=]

& - Page 11 of 11

11/30/2022

10. (10 points) Find the determinant of the following n x n tri-diagonal (=¥ 4R) matrix.

52 0 0 0 O
252 0 0 O
0 25 2 0 O
00 2 5 0 O
000 O 5 2
0 0 0 O 2 5]
Answer: %l + %4’”‘ )
Solution :
Let t,, is the determinant of the above matrix.
: 5 2
It is easy to have t; = |5| =5, to = =25—-4 =21
; ; g 8 8 3 5 2 0 0 O 2 0 0 0
0 2 5 9 0 0 2 5 2 0 0 2 5 2 0
0 2 5 0 O 0 2 5 0
0 0 2 5 0 0 =5 -2
000 0 s 2l |og g T D00
0 0 0 0 2 5 nen (n—1)x(n—1)
5 2 0 0 0 S 0o
2 5 2 0 0 7
2 5 0 0
0 2 5 0 O
=5 —2x2]:
00 0 502 8 3 ; ?
9]
00 0 2 o (n—1)x(n—1)
Thus, we have t,, = 5t,,_1 — 4t,,_o with t; = 5, to = 21. Therefore, t,, = ’71 + %4”
Bk , 2 UTHRBARER
Question: 1 2 3 4 5 6 7 8 9 10 | Total
Points: 15 10 10 10 10 10 15 10 10 10 110

Score:

(n—1)x(n—1)

(n—2)x(n—2)



