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1. (10 points) The sequence of numbers hq, hy, ..., hy,, ... satisfies a recurrence relation whose char-

acteristic roots are 2,2,2. What is the recurrence relation?

Answer: recurrence relation:  h, = 6h,_1—12h,_o + 8h,_3

Solution :

So the char. equation is (z—2)% = x*—62? + 122—8 and hence the recurrence relation is
hn - 6hn71_12hn72 + 8hn73

2. (10 points) Consider a I-by-n chessboard. Suppose we color each square of the chessboard with
one of the two colors red and blue. Let h, be the number of colorings in which no two squares
that are colored red are adjacent. Find and verify a recurrence relation that h, satisfies. Then
derive a formula for h,, .

R 1 xn tHE - BRERBFBHBTNS—ELHSRANEMZERTNREBEARER - &
hy, RIEFRKBMEALESBEMOBZTRS AN - KHEALEREL, NEEREIN > 2ARKL 1,
AL -

Answer: recurrence relation:  h, = h,, 1+ h,_o, hg =1 and h; = 2

The formula for h,:  h, = f,.2

Solution :

By construction hy = 1 and hy = 2. We now find h,, for n > 2. Consider a coloring of the
1 x n chessboard. The first square is colored red or blue. If it is blue, then there are h,,_; ways
to color the remaining n—1 squares. If it is red, then the second square is blue, and there are
h,_o ways to color the remaining n — 2 squares. Therefore h,, = h,_1 + h,_s . Comparing the
above data with the Fibonacci sequence we find h,, = f,, 12 .
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3. (10 points) The number of partitions of a set of n elements into k distinguishable(P]& 23 HY)
boxes (some of which may be empty) is k™. By counting in a different way, prove that

k= (’1“)1!S(n,1) + (I;) 2S(n,2) + ...+ <S)n!5(n,n)

(If k£ > n, define S(n, k) to be 0.)

Solution :

Check Ch& Theorem 8.2.5 and theorem 8.2.6.

4. (10 points) Find the Ferrers diagram of the given partition A : 30 =8 +6+6+4+3+2+ 1,
and the determine the conjugate partition \*.

Answer: \* = 30=74+6+5+4+3+3+1+1
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5. (10 points) Let n be a positive integer. Let p2 be the number of partitions of n into odd parts,
and let p? be the number of partitions of n into distinct parts. In textbook, we establish a
one-to-one correspondence between the two types of partitions. Then p2 = pl. Please find the
following corresponding partitions.

(a) the partition A\; = 3°7'113*17% will corresponding to A,.
A= 3IXB8+3+TXE8+TX24+7+13x44+17x16+17 x4

=24+3+56+ 14+ 7+ 524 272 4 68

(b) the partition 7 : 62 =1+ 34 8 + 24 4 26 will corresponding to .
T =_ 1939132 .
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6. (10 points) (a) Write down a combinatorial model (8E1EEY) for the Catalan number. (FEIR

(b) VEAR—M)

Solution :

Check ch 8-1

(b) Let 2n (equally spaced) points on a circle be chosen. Show that the number of ways to
join these points in pairs, so that the resulting n line segments do not intersect, equals the n'”
Catalan number C),.

SRTEE LIEIZE on B (ZMEREY) 2 - :EIRASE LR A EEISHEREE n EAERGERNS
BEENRSE n @ Catalan 8 C), ©

Solution :

Ch 8 problem 1.
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7. (10 points) (a) Write down the define for the Stirling number of the first s(n, k) and it’s recur-

rence relation.

Solution :

Check ch 8-2

(b) Write down the define for the Stirling number of second kind S(n, k) and it’s recurrence

relation.

Solution :

Check ch 8-2

8. (10 points) Give the difference table for h,, = 2n® — 3. Using the difference table, find a closed
formula for > | h,. (FFTAEREE)

Amswer: T k= 3 +2(5) 412011 + 12(7)
Solution :
-3 -1 13 51 125
2 14 38 74
12 24 36
12 12
0

hy = =3(3) +2(7) + 12(5) + 12(3)
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9. (10 points) The general term h, of a sequence is a polynomial in n of degree 3. If the first
four entries of the 0" row of its difference table are 2,3, —2,7, determine h,, and a formula for

> o
Answer: hs = 2(0) +1(0) —6(3) +20(0) =147 . hy = 2(3) +1(}) —6(3) +20(3)

Ykeohi =201 +1("1) —6("51) +20("})

Solution :

2 3 -2 7
1 -5 9
-6 14
20 .
0

he =2(7) +1(7) — 6(.’;’) +20(3)
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10. (10 points) Solve the recurrence relation h,, = 6h,,_1; — 9h,_» with initial values hy = 2 and
hi=717.

Answer: hn =2%x3"+nx gn—1

Solution :

Rewrite the given recurrence relation as h,, — 6h,,_1 + 9h,,_o» = 0 The characteristic equation of
the recurrence relation is 2% — 6x +9 = (x — 3)? = 0. Thus we have the characteristic are z = 3.

Therefore,
hy,=c1 X 3" +cy xnx3"

Using the initial condition

ho=2=c; x3%+ ¢y x0x3°
]’L1:7:Cl><31+02><1><31

We have
Cc1 = 2, Cy = §
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11. (10 points) Solve the nonhomogeneous recurrence relation h, = 4h,_; + 3 x 2" with initial

values hg = 1.

Answer: 47Tl — 3.9
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12. (10 points) Use generating functions to find how many ways there are to put n identical balls

into four boxes, in such a way that the first box has no more than 4 balls, the second has a
multiple of 5 balls, the third has at least 5 balls and has odd number of balls, and there’s at
most one balls in the fourth box.

(ERERERSI LR n ERERNKBANEZFRESZVELE  EFRE—EZFRS 4 E
X BEEFAE 5 @EKEH > E=EEFEDH 5 EXMERSFEREK > THENEZ
ERALDE 2 CE2

Answer: n—4 .

Solution :

The generating function is

g@)=0+z+22 +22 + 21+ 2+ 20+ . )@+ 2"+ 22+ )1 +2)

= Z(n —4)z"

n>5
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13. (10 points) Let h,, denote the number of ways to color the squares of a 1-by-n board with the
colors red, white, blue, and green in such a way that the number of squares colored red is even,
the number of squares colored white is odd. Determine the exponential generating function
g'®)(x) for the sequence hg, hy, h, .... and then find a simple formula for h,,.

S b, BEALE B8 BEETGES | x 1 HRREESENEE - LIRS RNK
EBBY > AEHRURBESEY < BEFT b, b, by, .. CIEEEREE 0(2) > WL
#3 b, HMEBAT -

Answer: (a) g9 (z) = (e —1)

(b) hp= 4" ' ifn>1and hy=0

Solution :

The generating function is

x? ozt af r o ad b r 2?2 2t )
1 .
— (et
Lo 1)
-y iar
N 4 n!

3
V
_
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14. (10 points) Find the determinant of the following n x n tri-diagonal (=¥ 4R) matrix.

Answer: % + 39” .

Solution

Let t,, is the determinant of the above matrix.

It is easy to have t; = [10| = 10,
10 3 0 O 0 O
3 10 3 O 0 O
0 3 10 3 0 0
0o 0 3 10 0 O
0o 0 0 0 . 10 3
o o o o --- 3 10

nxn

Thus, we have t,, = 10t,,_1 — 9%,,_o with ¢; = 10, t5 = 91. Therefore, t,, = % + %9"

10 3 0 0
3 10 3 0
0 3 10 3
0 0 3 10
0 0 0 0
0 0 0 0
|03
T 10

10 3 0

3 10 3

0 3 10
=10|. .

0 0 0

0 0 0

=100 — 9 =91.

0 0
0 0
0 0
0 0
10 3
3 10
0 0
0 0
0 0
10 3
3 10

(n—1)x(n—1)

-3 x3|:

0 (n—3)x(n—3)
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15. (10 points) Let f, is the n'® Fibonacci number. Prove that f, is even if and only if n is divisible

by 3.

Solution :
check Ch 7 problem 3

2953 , & NTHREBARIEER
Question: 1 2 3 4 ) 6 7 8
Points: 10 10 10 10 10 10 10 10
Score:

Question: 9 10 11 12 13 14 15 | Total
Points: 10 10 10 10 10 10 10 150
Score:




