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1. (10 points) Find the (ordinary) generating function for the infinite sequence hg, hy, ho, .... de-
fined by h, = n(n+1).

2 2
Answer: i —:C:U)3
Solution :
From Ch 7.

=l+a+22+22+ .. +2"+ ..
1—=x

x _xi 1
(1—2)2 “dr\1l—-uz

_ i | 2 3 n
7xdx (1+£+x +2+ ...+ +)

=422 +323+ ... +na"+ ..

H-xi(uf@z)

d
= xd— (x + 222 + 322 + ...+ nx" + )
T

=0+ 2222+ 3223+ .+ nla 4+

<12—i>3 - ((1(—+;) M= x)?)

=((z+2%2*+3%2° + .. +n’2"+.)+ (v + 22" +32° + ...+ na" + ..))

= Z(n2 +n)z"

n>0
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2. (10 points) Find the sum and product of two generating function.

(a) Let A(z) = Y 2 jana™, B(z) = Y o2 bya™, Clz) = Y 7 cpa™, D(x) = > 0 jdpa™. If
C(z) = A(z) + B(z) and D(z) = A(z)B(x), find ¢, and d,.

(b) Let E(x) =20 g en’y, FO(2) = 3000 fuly, G(@) = 20l gy H(z) = 3070 hafy. 1
G(z) = E(x) + F(z) and H(z) = E(x)F(x), find g, and h,,.

Answer: Cn = Qp + b'n, ) dn = 2220 a'n,fk‘bk ygn = Ep + f'n/ ) hn = 2220 (Z) e'n,fkfk:

3. (10 points) Give the difference table for h, = 2n® — 3. Using the difference table, find a closed
formula for >3 | h,. (FTIERE)

Answer: 3" b, = =3(") +2(") + 12(7) +12(7))
Solution :
-3 -1 13 51 125
2 14 38 74
12 24 36
12 12

0
hy = =3(7) +2(7) + 12(5) + 12(3)
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4. (10 points) Let n be a positive integer. Let p® be the number of partitions of n into odd parts,
and let p? be the number of partitions of n into distinct parts. In textbook, we establish a
one-to-one correspondence between the two types of partitions. Then p2 = pZ. Please find the

following corresponding partitions.

(a) the partition A\; = 399113%19%° will corresponding to As.

A= 3Ix8+34+9Ix84+9Ix24+9+13x4+19x16+19 x4
=244+34+72+18+9+4+52+ 304476

(b) the partition 73 : 67 =14 3 + 8 + 9+ 14 4 24 will corresponding to 7.

T, = _ 19397%9Y .
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5. (10 points) The general term h,, of a sequence is a polynomial in n. If the first four entries of
the 0™ row of its difference table are 0, 16,50, 108, 196, 320, 486, ..., determine h,, and a formula

for Y °p_o by (FFRAERE)
Answer: hs = 0(0) +16(]) +18(3) +6(3) =320 . h, = 0(}) +16(}) + 18(3) +6(%)

Shoohe = (") +16("1") +18("s) +6("}")

Solution :
0 16 50 108 196 320
16 34 58 88 224
18 24 30 36
6 6 6
0 0

hy, =0(7) +16(7) +18(5) +6(%)


Jean Yeh

Jean Yeh
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6. (10 points) Solve the nonhomogeneous recurrence relation h,, = 2h,_; + 5™ with initial values
ho = 3.

Answer: h, = (5" +2"%2)/3

Solution :

1 3-10
1) = ’
1—5x 1—5x
3—-10z 3 N 3
1-52)(1—2z) 1-5r 1-—2x

5 =\ 4 n
=3 (52)" + 2 (20)

n>0 n>0

(1 - 20)g(x) =3+ (

g() =
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7. (10 points) Use generating functions to determine the number of integral solutions of the equa-
tion
r1 + 4 + 3+ 14 = N0,

that satisfy
0§x1§370§x27 5§.’I}3, O§$4

Answer:  h, = (”’;3) ifn>5,and h,=0ifn <5

Solution :

The generating function is

d ha"=1+z+at+ 281+t +a8+ )@+t 2T+ )Lttt )
n=0
1 — a2t 1 x° 1
X X
1—=x 1—24 1—2 1—=x
2
(1—m)3
B sx= (m+3—1\ ,
- TL+2 n+5
>("57)
n=0
Sl
= x
2

n=>y
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8. (10 points) Let h, denote the number of ways to color the squares of a 1-by-n board with the
colors red, white, blue, and green in such a way that the number of squares colored red is even,
the number of squares colored white and blue is odd. Determine the exponential generating

function g (z) for the sequence hg, hi, hs, .... and then find a simple formula for h,,.

< h, RMALE - B8 EB8HNKEE | xn FRIRECHANEE - WHABHRNE
EREYH  ACNEEHRNHEMETH - EERFT ho, hi, ha, ... RIEEEMRE ¢ (2)
> WHAREHR n, BIRGERT -

Answer: (a) ¢ (z) = %(64‘T —efe 1) |

(b) hp= 14" =27+ (=2)"), if n> 1 and he =0

Solution :

The generating function is

2 4 6 3 5 2 3 4

g(z) = (1 + TR 6!)(1+ TR + )7 (1 + TR TR TR +...)
(e HeT) (e —eTT) (e" —eT) o
— 5 9 2 .

_ ;(64:17 o 621’ 4 6721' o 1)
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9. (10 points) Find the determinant of the following n x n tri-diagonal (Z¥JFE#4R) matrix.

410 0 0 0
141 0 0 0
01 4 1 0 0
001 4 0 0
000 0 . 4 1
000 0 - 1 4]

Answer: ﬁg(@ F/3)7 — (2 — V/3)mH

Solution :

Let ¢, is the determinant of the above matrix.

4 1
It is easy to have t; = |[4| =4, ty = 1 4 =16 —1=15.

nxn

4 1
0 0 0 0 L -
141 0 0 0 La 0o
01 4 1 0 0
01 4 . 0 0
00 1 4 0 0 -4 , —1x1|:
4 1
I R
000 0 - 1 4 (n=1)x(n—1)

1 0 0
4 0 0
0 1
0 1 4 (n—1)x(n—1)

Thus, we have t,, = 4t,,_1 — t,,_o with t; =4, t; = 15. Since t = 15 =4t; —tg =4 x 4 — ty, we

have t; = 1.
P=dr—1=x=

44 /12
— - =2%V3

Therefore, t, = c1(2 + V3)" 4+ c2(2 — V/3)" with tg = 1,¢, = 4.

1:t0 =+ C
4:t1 201(2+\/§)+62(2—\/§)

t, = 2+\/§(2+\/§)"+ﬂ(2_\/§)”: L(2+\/§)n+l_

2v/3 2v/3 2v/3

1
2V/3

- V3
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10. (10 points) Let a, equal the number of ternary strings of length n made up of 0’s, 1’s, and 2’s,
such that the substrings 00, 01, 10, and 11 never occur. Prove that

Ap = Qp—1 + 2an—27 (TL > 2)7

with ¢g = 1 and a; = 3. Then find a formula for a,,.

Ra, EMNA 01 M 2 AN REAS n W=1TFFMENHE » WEAEENFERBEHRKER
ZHIE 0001~ 10 1 11 - 556A

Ap = Qp—1 + Qan727 (n > 2)7

¥I81E ao =1 M o, = 3. WHKE o, BIRED.

Answer: a, = 5(2"7 4 (=1)"")

Solution :

ch7 problem 40, 015 Z:&HH ! !

Rewrite the given recurrence relation as a, — a,_1 — 2a,_» = 0 The characteristic equation of
the recurrence relation is 22 —x — 2 = (z — 2)(x + 1) = 0. Thus we have the characteristic are
r=3.

Therefore,
hp=10c1 X 2"+ o x (—=1)"

Using the initial condition

ho=1=1c; x2°+¢; x0x (—1)°
hi=3=c x2' + ¢ x1x (=1

We have
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11. (10 points) Prove that S(n,n —2) = (3) + 3(}) and s(n,n — 1) = (}), where s(n, k) is the
Stirling numbers of the first kind and S(n, k) is the second kind.

Solution :
This is Ch 8 problem 12(d) and 19(b).
HEHESER - BEERNEER - JUMEREERD -
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12. (10 points) Let f, is the n'® Fibonacci number. Prove that f, is divisible by 3 if and only if n
is divisible by 4.

Solution :

check Ch 7 problem 3
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13. (10 points) Let 2n (equally spaced) points on a circle be chosen. Show that the number of ways
to join these points in pairs, so that the resulting n line segments do not intersect, equals the

nt" Catalan number C,,.

REE LiEEE on A (HRIRAY) 24 -
SEEFEMNSE n @ Catalan E C,, °

Solution :

Ch 8 problem 1.

REBAATE LR A ET B IRAE RIS R n R B ARERRY TS

Bk , P& , UTHRBARIEER
Question: 1 2 3 4 5 6 7 8 9 10 11 12 13 | Total
Points: 10 10 10 10 10 10 10 10 10 10 10 10 10 130

Score:




