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1. (10 points) Find integers a and b such that
9 m m
= b
=) +(3)

for all m. Then use it to find the sum the series 12 4 22 4 ... + n2.

Answer: a = b= 12 4+22+ ... +n? =
2. (10 points) Show that if n + 1 integers are chosen from the set 1, 2, . . . |, 4n then there are

always two which differ by at most 3.
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3. (10 points) A group of mn people are to be arranged into m teams each with n players.
(a) Determine the number of ways if each team has a different name.
(b) Determine the number of ways if the teams don’t have names.

Answer: (a) (b)

4. (10 points) A bakery sells five different kinds of donuts, includes original, glazed, chocolated,
mango and strawberry. If the bakery has at least two dozens of each kind, how many different
options for twenty of donuts are there? What if a box is to contain at least five of chocolated

donuts and two strawberry donuts?

Answer: (a) (b)
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5. (10 points) A student has 35 days to prepare for an examination. From past experience she
knows that she will require no more than 53 hours of study. She also wishes to study at least 1
hour per day. Show that no matter how she schedules her study time (a whole number of hours
per day, however), there is a succession of days during which she will have studied exactly 16
hours.

6. (10 points) Determine the mobile integers in
183767273

and then use the algorithm for generating the next six permutations.

Answer: the mobile integers are
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7. (10 points) Construct a permutation whose inversion sequences are 6, 2, 4, 4, 1, 1, 2, 0, 0.

Answer:

8. (10 points) Show that an m-by-n chessboard has a perfect cover by dominoes if and only if at

least one of m and n is even.
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9. (10 points) Determine the number of integral solutions of the equation
r+y+z+w=20

that satisfy
3<2<8, —6<y<1,5<2z<9 5<w<0.

Answer:
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10. (10 points) Determine the number of ways to place six non-attacking rooks on the following
6-by-6 board, with forbidden positions as shown.

Answer:
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11. (10 points) A collection of subsets of 1,2,...,n has the property that each pair of subsets has
at least one element in common. Prove that there are at most 27! subsets in the collection.
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12. (10 points) Use combinatorial reasoning (4H&H##%E) to prove the identity (in the form given)

)=(

(

)~

n—3

k

n—1

k—1

)+

n—2

k—1

)+

n—3
k—1

(Hint: Let S be a set with three distinguished elements a,b and ¢ and count certain k-subsets

of S.)
B , P& , UTHREARIRS
Question: 1 2 3 4 5 6 7 8 9 10 11 12 | Total
Points: 10 10 10 10 10 10 10 10 10 10 10 10 120

Score:




