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1. (10 points) Find the (ordinary) generating function for the infinite sequence hg, hy, ho, .... de-
fined by h, = n(n —1).
222

Answer: TSE

Solution :

From Ch 7.

=l+a+22+22+ .. +2"+ ..
1—=x

x _xi 1
(1—2)2 “dr\1l—-uz

_ i | 2 3 n
7xdx (1+£+x +2+ ...+ +)

=422 +323+ ... +na"+ ..

H-xi(uf@z)

d
= xd— (x + 222 + 322 + ...+ nx" + )
T

=0+ 2222+ 3223+ .+ nla 4+

202 (z(x+1) T
(1—zp \(1-2)pP (1-x)?
= ((:1: + 2222 + 323 + .+ nfa + ) — (x +222 +32% + ...+ na" + ))

= Z(n2 —n)z"

n>0
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2. (10 points) Determine the conjugate of each of the following partitions: 34 = 9+8+6+6+3+2
Answer: 34 = 64+64+54+44+44+44+24+2+1

Solution :
6 6 5 4 4 4 2 2 1
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3. (10 points) Let p equal the number of self-conjugate partitions of n. Find pj.. Hint: By
Theorem 8.3.2, let p!, be the number of partitions of n into distinct odd parts. Then p = pt.

Answer: pi; = _ 4
Solution :

Plis Pis

15 8+1+1+1+1+1+1+1

1143+1 | 6+3+3+1+1+1
9+5+1 | 5+4+3+2+1
T+5+3 | 4+4+4+3
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4. (10 points) Let n be a positive integer. Let P? be the set of partitions of n into odd parts, and
let P? be the set of partitions of n into distinct parts. In textbook, we establish a one-to-one
correspondence between the two types of partitions. Then |P°| = |P2|. Please find the following

corresponding partitions.

(a) the partition \; : 453 = 5119111132 € P? will corresponding to A, € P2.
Ad=_0+94+10+13+4+40+44+ 52+ 724 208

(b) the partition 71 : 86 =1+ 3 +4 + 18 4+ 20 + 40 € P? will corresponding to 7, € P°.
™= _ 19315292

Solution :

(a) 5% (14248)+9x (1+8)+11x (4)+13 X (144+16) = 5410+40+9+T72+44+13+52+208

(b) 1+34+4418420440 = 14+3+1x44+9x24+5x44+5x8 = 1 X (1+4)+3+5X (4+8)+9 x 2
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5. (10 points) The general term h,, of a sequence is a polynomial in n. If the first few elements
are 3,2,7,24,59,118, 207, ..., determine h,, and a formula for Y, _, hy - (RFRIERE)

Amswer: hy = 3(g) — (1) +6() +6(3)

Sheohe = _3("7) = () +6(" ) +6("))

Solution :
3 2 7 24 59 118
-1 5 17 35 59
6 12 18 24
6 6 6
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6. (15 points) Solve the nonhomogeneous recurrence relation h,, = 6h,_; —9h,_»+ 5" with initial
values hy = 3, hy = 12. 12/~  #RAI A A% homogeneous ER non-homogeneous BIMER DB °

Answer: h, = =237 — Pn3" 4 25"

Solution :
Ch7

non-homogeneous:

25
4

Let h, = 15" = ¢ =
homogeneous:

hy, — 6hy—1 4+ 9h, o =0
2 —6r+9=(r—3)? = =3 (ER)
h, = 3" 4+ c3n3".

exact solution:

hy, = 23" + ¢3n3" + 25" K EIVIEE

}n n n 57
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7. (10 points) Determine the generating function for the number h, of bags of fruit of apples,
oranges, bananas, and pears in which there are at least five oranges, a multiple of four number
of bananas, at most three pear and no rule for apple. Then find a formula for h, from the

generating function.

—RKREEHER - BF FENR HPEVFAERT - BENHE2TUOMEEH - B
HERZA=  MEERZBRERE - 2 b, B—R n EKROETEESHEE > #E 1,
RO RRR SN > Wikl h, AT -

Answer: (a) (1fi)3

(b) h,= (") ifn>5and h,=0if n <5

Solution :

The generating function is

Y hpa"=1+z+at+ 281+t +a8+ )@+t 2T+ )Lttt )
n=0
1—z* 1 a® 1
= X X X
l—2 1—-2¢ 1—2 1-—=x
b
(1 —x)3
Therefore,
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8. (10 points) Let h, denote the number of n-digit numbers with all digits at least 4, such that 4
and 6 each occur an even number of times, and 5 and 7 each occur at least once, there being

no restriction on the digits 8 and 9. Determine the exponential generating function ¢ (x) for

the sequence hg, hi, hs, .... and then find a simple formula for h,,.

2 h, RNECHMBMUAELA 4 n UHNHE > Hph 4 M o #HIIRBHKX - Bs5M7
EDELHIE—R NEF 8 M 9 RBEEMIEF - BERET ho, hi, ho, ... BUIEENAE LR
g\ (x) » WLALEIE] 1, BIRFE AT °

Answer: (a) ¢ (z) = 1(ef — 2€5" 4 3etT — 4eP + 3e?T —2e" + 1)

(D) hn= L6 —2x 5" +3x4" —4x3"+3x 2" —2),if n>1and hy =0

Solution :

The generating function is

z? 2t af O e zt 9 r 2?2 a2t 9
g<w):<1+5+ﬂ+ﬁ)(ﬂ+5+§+ﬂ+””)<1+ﬁ+5+§+ﬂ+”">
((i" —1_26 ))Z(er o 1)2(6.1:)2

(62:17_’_2_’_6721')(621'_2€x+1)€2zr

—~

|
e Bl e M

(€57 — 267 4 3¢ — 463" 4 3 — 2" + 1)
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9. (10 points) Find the determinant of the following n x n tri-diagonal (=¥ #4R) matrix.

1 -1 0 0 0 0]
1 -1 0 0 0
0 1 -1 0 0
0o 0 1 1 0 0
0O 0 0 O 1 -1
0 0 0 0 1 ]
Answer:
Solution :
Let ¢,, is the determinant of the above matrix.
) 1 -1
It is easy to have t; = |1| =4, ty = L =1-(-1)=2.
1 -1 0 0 0 0 10 0 0
1 1 -1 0 0 0 1 1 0 0 1 -1 0 0
0 1 1 -1 0 0 11 0 0
o0 1 1 0 0 40t 00 S (=)
o0 0 0 . 1 -1 000 88..:1711
00 0 0 - 1 1 00 0 b L ey e

nxn

Thus, we have t, =t, 1 +t, o with t; = 1, t, = 2. It is easy to see that the t,, = f,,_1 is the
Fibonacci number.
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10. (10 points) The number of partitions of a set of n elements into k distinguishable(P] & %3"#Y)
boxes (some of which may be empty) is k™. By counting in a different way, prove that

K = (lf)usm, 1+ (S)z!S(n,Q) P (i)n!S(n,n)

(If £ > n, define S(n, k) to be 0.)

Solution :

Check Ch8 Theorem 8.2.5 and theorem 8.2.6.
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11. (10 points) Let m and n be nonnegative integers with n > m. There are m + n people in line
to get into a theater for which admission is 50 cents. Of the m 4 n people, n have a 50-cent
piece and m have a $1 dollar bill. The box office opens with an empty cash register. Show that
the number of ways the people can line up so that change is available when needed is
n—m+1l/m+n
n+1 m
Enfln AEEEY BREr>meB m + n AHBIBKEA—EPES 50 EDREIRT -
FEm+n AR B n AT—1@ 50 EDB9EE > M m AZT—5R 1 ETHINE - £
SERTEZZTNIEN FTHM - BIRELEARNARD » BARSEREREKENAR
HAELN -
Solution :
Ch 8 problem 5
Eage. 2 , U THRREABIEE

Question: 1 2 3 4 5 6 7 8 9 10 11 | Total

Points: 10 10 10 10 10 15 10 10 10 10 10 115

Score:




