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1. (10 points) Find the (ordinary) generating function for the infinite sequence hg, hy, ho, .... de-
fined by h, =n + 5".
T 1

A :
nswer TR + 1 —5r
Solution :
From Ch 7.
1 2 3 n
1= =l+z+a+2°+...+2" + ...

x . d 1
(1—x)2_£dx 1—x

_ i 2 3 n
= (I+z+a®+2°+. +a2"+..)

=a+202+32% + ... +na" + ...

o
:E na"

il ks (52)* + (52)* + ... + (5x)" + ...

oo
_ E :5”7“”
n=0

o

(n+5")z"
—0

Xz

1 = n - n, n
(1_x)2+1_5x22n:c +25x =

n=0 n=0 n
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2. (10 points) Determine the number of ways to place six non-attacking rooks on the following
6-by-6 board, with forbidden positions as shown.

Answer: 6! =9 x5l +28 x4 =35 x 31+ 15 x 2 =2 x 11 =130

Solution :

Using the Principle of Inclusion-Exclusion (6-4).

<
4

Fi X X,FQ:‘

(14 62 + 92 + 22*)(1 4 3z + 2%) = (1 + 9z + 282* + 352° + 152 + 22°)

3. (10 points) Let p? equal the number of self-conjugate partitions of n. Find pj.. Hint: By
Theorem 8.3.2, let p!, be the number of partitions of n into distinct odd parts. Then pi = pl.

. S =
Answer: pi, = _ 5

Solution :

t S
bi7 bi7 . -
5 o0 o o o o 5 o o o o0 o
17 9+1+1+14+14+1+1+1+1
5 o o o o o 4 0o o o o
134341 | 7T+34+3+1+1+1+1
, 3 o o o , 4 o o o o
114+5+1 | 6+44+3+2+1+1 .
2 o0 o 3 o o o
9+7+1 5+5+3+2+2
2 0o o 1 o
94543 5+4+4+3+1
9 o o o o o 0 o o0 o
1 o 7 o o o o o0 o0 o
6 o o o o o o
1 o 3 o o o
4 o o o o
1 o 3 o o o .
3 o o o
1 o , 1 o , ,
2 0 o
1 o 1 o
1 1 Lo
0 0
1 o
1 o 1 o
1 o
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4. (10 points) Let n be a positive integer. Let P? be the set of partitions of n into odd parts, and
let P? be the set of partitions of n into distinct parts. In textbook, we establish a one-to-one
correspondence between the two types of partitions. Then |P°| = |P2|. Please find the following
corresponding partitions.

(a) the partition \; : 351 = 31372394235 € P° will corresponding to Ay € P
A= 341242447414 +28+112+ 36+ 23492
(b) the partition 71 : 310 = 2+ 8+ 15+ 25 + 20 + 40+ 200 € P? will corresponding to 75 € P°.

5 = _ 119512151259

Solution :

(a) 3x (14+448)+7x (1424+4+16)+9x (4)+23x (1+4) = 3+12+424+7+14+28+112+36+23+92

(b)2+84+154+25+20+40+200=1x2+1x8+15x1+25x1+5x4+5x8+25x8 =
IX (248 +15+25x (1+8)+5x(4+38)
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5. (10 points) The general term h,, of a sequence is a polynomial in n. If the first few elements
are 5,7,23,71,169, 335,587,943, 1421, ....., determine h,, and a formula for Y, _, hy - (FFE1ER)

Answer: h, = 5(7) +2(7) +14(5) + 18(3)

Shoohe = _5(7) #2070 + 1407 £ 1507

Solution -
5 7 23 71 169 335
2 16 48 98 166
14 32 50 68

18 18 18
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6. (15 points) Solve the nonhomogeneous recurrence relation h,, = 4h,_1 — 4h, 5 + 3n + 1 with
initial values hg = 1, hy = 2. &R : {RBI A B homogeneous R non-homogeneous IR ER D
% o
Answer: h, = —12x 2" +5n2" 4+ 3n+ 13

Solution :

Ch7

non-homogeneous:

Let h, =an+b = (an+0b)=4(a(n—1)+0b0) —4(a(n —2)+b)+3n+1 = a=3,b=13
homogeneous:

Iy, — 4hy—1 4 4h,—o =0

> -4 +4=(r-3)? = =2 (BR)

hy, = 2™ + ¢3n2™.

exact solution:

hy, = 22" + c3n2™ + 3n + 13 K EIFIIRE

1=hy=02"4¢30x2°+3x04+13=0c4+13 = ¢y =—12
2=h; =2+l x 2P +3x1+13=2c+2¢5+3+13 = ¢3=5

hp = —12 x 2" 4+ 5n2" + 3n + 13
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7. (10 points) Use generating functions to determine the number of integral solutions of the equa-
tion
T1 + 529 + x3 + x4 = N,
that satisfy
O§x1§470§x27 6§ZIZ’3, —2§$4

Answer:  h, = (",?) if n >4, and h, =0 if n <4

Solution :

It is better to use the ordinary type of generating function to solve this problem.

The generating function is

Zhnx” =(1+ax+22+2°+aH(1+2° + 20+ )@+ 2"+ 28+ )@+ 1+t 2%+ )
n=0

1—2° 1 20 x 2 x

RO yy =2+ 1, yo =19, y3 =23 — 6, ya = 24 +2
Y1 + 5y2 + Y3 + Ys = 11 + Swg + (3 — 6) + (24 + 2) = n-4,

that satisfy
0<y<40<y, 0<ys, 0<u4

The generating function is

Zhnmn =14+ +2° +2) 1 +2°+ 204+ )Q+z+ 22+ )+ +22 + )
n=0

1—ad 1 1 1 1

I~z 1-2 1-z 1-z (1—x)3
L n+3-1\ , = /n+2\ ,
(T )ex ()

AR b, B2 RE IR (7)) = (") c B b, =0ifn <4
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8. (10 points) Let h, denote the number of n-digit numbers with all digits at least 3, such that

4 and 7 each occur an even number of times, and 5 and 9 each occur at least once, there
being no restriction on the rest digits. Determine the generating function g(x) for the sequence

ho, hi, ha, .... and then find a simple formula for h,,.

2 hy, RTVEEMBUHEDS 3 n (UBRIHE - Hh 4 8 7 LEIRBHER > Bo M9 =
DEHIR—R > FTREF KBRS  BEFT ho, hi, ho, ... BIERE g() > TALE
2 h, NEEAT -

Answer: (a) g(z) = (™ — 265 + 3e™ — 4e™™ 4 3% — 26> +€7) |

(b) hp= (T —2x6"+3x5"—4x4"+3x3"—2x2"+1)

Solution :
1. It is better to use the exponential type of generating function to solve this problem.
2. [all digits at least 3] = digits can be 3,4, 5,6, 7, 8, 9.

3. [there being no restriction on the rest digits| = there being no restriction on 3, 6, 8.

The generating function is

_ 1 r? ! :1:62.7; r? 2t axt 2(1 r 2 2 2t 3
g(x)_(+E+I+a)(ﬂ+ﬁ+§+ﬂ+“”)(+ﬂ+5+§+ﬂ+“">
(" +e77)

= (fﬂex —1)%(e")?

_ i<62x+2+6—21‘)(62x2€x+1)6531:
1 , : , L
:1(6717_2€6x+365x_4641+363£_2€2l+€x)
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9. (10 points) Prove that S(n,n —2) = () + 3(}) and s(n,n — 1) = (3), where s(n, k) is the
Stirling numbers of the first kind and S(n, k) is the second kind.

Solution :
This is Ch 8 problem 12(d) and 19(b).
HEHESER - BEERNEER - JUMEREERD -
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10. (10 points) Let p, is the number of partition of integer n. Prove that the partition function
satisfies

DPn > Pn—1 (n > 2)

Solution :

This is Ch 8 problem 20.
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11. (10 points) Let D, is the n'® derangement numbers. Prove that D,, is an even number if and

only if n is an odd number.

Solution :

This is Ch 6 problem 21.
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12. (10 points) Let m and n be nonnegative integers with n > m. There are m + n people in line

to get into a theater for which admission is 50 cents. Of the m 4 n people, n have a 50-cent
piece and m have a $1 dollar bill. The box office opens with an empty cash register. Show that
the number of ways the people can line up so that change is available when needed is

n—m+1l/m+n

n+1 ( m )
Emfln BIEESEYH BRE n>m A m + n AHIBKEA—EFES 50 EDHIBIRE
HEEm+n AF Ao AN 50 EDHEE > T m AZT—K 1 ETHPNE - €

FHERBEER NG THRK - BPEEAKRNANT  BEFEFERHHKZNSN
gaLE -

Solution :

Ch 8 problem 5

Bk , P& , UTHRBARIEER
Question: 1 2 3 4 5 6 7 8 9 10 11 12 | Total
Points: 10 10 10 10 10 15 10 10 10 10 10 10 125

Score:




