
At a party, 10 gentlemen check their hats. 
In how many ways can their hats be returned so that no gentleman gets the hat with which he arrived?

在⼀個派對上，有10位先⽣寄存了他們的帽⼦。有多少種歸還他們帽⼦的⽅式，讓每位先⽣都拿到不是⾃⼰寄存的那頂帽⼦？

56-3 Derangements (EFE
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Def : a derangement of [1 .
2 . 3
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--, h] is a permutation It = TRET--in Sit .
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* if I = i
,

we call it as a fixed point
: a derangement is a permutation without fixed point .
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Thm 6
.
3

.

1 : For M31 ,
Dn = n ! (1 - i + * - + # +

. . .
+ (4))

pf .

using the inclusion - exclusion principle.
Let S = set of all permutation of [1 .

2
.
3,..., n] = Su

Ai : set of all permutation in Sn ,
with i is a fixed point.

= Eit = L, The Its --- TIESul it
: = 13

:. Dn = 1 , nFcnAs 1 ... Enl
= ISI -=lAil + EjlAnnAjl-ExlAiMAjAxl +... + cry" /AsMAzn ... n And

= n ! - (Y)(n - 1) ! + (2)(n - 2)! - (5) (n - 3) ! +
..

+ E" (h)0 !

= n ! (1 - + + 2 - 3 + m +
--

+ (h)

·

A: 1
-... - ,

Az :
-

z
---- -

= (- !

A , 1Az : z
-- ... - ,

AdAs : -3
- ... -

: (n - 2) !

2

Recall : ex = 1 + + + + .. = 2 = 1 - + + - - 3 + m ----.

l
↓ Da net or no = 2

11

n((n- 1) ! e) nDn-1



Thm (e8 . 16 . 81) : Dn = nDu+ +
n

p .f .

n Dn - 1
+ (h = n. (n- 1 ! () - + - 5 + m +

- --
+(i) + zighm

= n ! (1 - 2 + 5 - # +
---

+ (4)"hi) = Dn

Thm (e8 . 16 .6) : Dn = (h - 1) (Dn-1 + Dn-2)

p .f .
P

Dn = nDn+
+ Es = (n - 1) Dn -1 + (1)" + Dn-1

= (n - 1) Dn -1 + (1)" + (n - 1) Dn -z
+ (-y-

= (n-1) (Dn-1 + Dn - 2 )

pf . &

it = TL , The TTs---Ein
,

what is Thur ? * Tin =n

(i) in =- & j
= n with j = In(n-1)

& >12-1) , E+ 1) ~M-1) total (n-2) number
:

- Dn
-z

---

U
--- (n-2) position

123456 in

there's (n-1) difference in :. (n-1) Dn-z



(ii)In = 2 & j = =n with j = In (n-1)
X

T The is The To l Thj+ j ↑ T The isThi Ejrl j Thj+ l
---

--- 7 ---
---

j - 1 j j+ 1 N j - 1 ↓ j+ 1 N

Inlj-1 , E+ 1) ~n total (n-1) number
:

- Dn -1
(n-1) position

there's (n-1) difference in :. (n-1) Dn-1

·

show Dn = n Dn-1 +72 by Dn = (n-1) (Dn- + Dn -2)

pf
- nDn-1
V

Dn = (n - 1) (Dn- + Dn-2) - mDn -1 = Dn-nDn-1 = () (Dn-1 - (n - 1) Dn-z)

Dn -nDn+= () (Dn-1 - (n - 1) Dnz) = () (Dn-2- (n-2) Durs) = (1)3)Dn-s-(n-3)Dura)
=- - = ( 1) YDz - zD , ) = (1)n

- 2

x() - 0) = ()k
-z

= (-1)



* Dn = (n - 1) (Dn-1 + Dn-c)
Dz = 9213
Ds = 5 312 , 231]

Da = & 2143
,
2341

,
2413

,
3142

, 34/2 ,
3421

,
4/23

,
4312

,
43213

(i) In = J · j =
n (ii) In = 2

, Tj= En

↑
2142 -> E 2341 -> 73427 ↳ ↳ 231

-

& -

↑
-> 2413412- 24 12 -> 2431 ---

-> 23/
-- 124
I 3 ↑

432 7 3142- 32417 3 4 ↑ -> 231
- -> 32 T5π

-

25
423

3 421 Es 14237 IJπ
-> 312

-↑
4123 # 4132-

412 23/2
3xDz TIT

4312 Es
4213 -> ↳ 3 - 312

- 4

↑
3xDi



#
& 6-4 Permutation with Forbidden Position

* #

Def : rook :(: : attack horizontally and vertically

& placea wonattacking rooks on a nxn chessboard with forbidden position
or permutation It= , TI---in with Sets EI , 2 , --,

In St
. Vi

, in :

Da : 2143
,
2341

,
2413

,
3142

, 34/2 ,
3421

,
4/23

,
4312

,
4321

placea monattacking rooks on a nxn chessboard
, avoiding the diagonal

or permutation It= , TI---in with Sets EI , 2 , --,
In St

. Vi
, iii

= Si]



[1 E2 Is I Is

eX :
I

2

S = 51 .
2

. 3 .
4

. 53 3

& = 3 1 .
3

.
4

. 53 , 2
: 9 1 .

2
. 3)

.
[3 = 95]

,
a = 1

, 5
: 91

.
2

.33

[1 E2 Is I Is [1 E2 Is I Is [1 E2 Is I Is [1 E2 Is I Is

I I I I

2 2 2 2

3 3 3 3

↳ ↳ ↳ ↳
24135 24315 25134 25 314

Question

S = 5 1 .
2

. 3 .
4

....,
43 En

,

2
,
Is

,
En,

, . . .,
In : forbidden position.

sol :

A = Eit = TL , Thits---EESulitiXi] or place rook in In in column i

:
1 . nFcnAs 1 ... Enl

= ISI -=lAil + EjlAnnAjl-ExlAiMAjAxl +... + cry" /AsMAzn ... n And

& lAil = 1ilCn-s!, /AirAj) = UCh-2s]
, ...,
i & Aiz 1 ... Aix) = Up (n - k) !

Un : place k-urnattacking rooks in the "Assign position

= n! - V, (n- 1) ! + Ve Ch - 2) ! - 83(n - 3) ! + ---
+ "Un - 0 !



eX : [ E2 Is En Is [6 F,
[1 E2 Es En 15 [6

I I F2
2 2

F
,

3 3

↳ ↳ F2

6 6

V, = 3 + 4 = 7
:I . nFcn#s 1 ... Enl

Fi Fr = n! - V, (n- 1) ! + Ve Ch - 2) ! - 83(n - 3) ! + ---
+ "Un - 0 !

= 6 ! - 7x5 ! + 15x4! - 10x3 ! + 2x2 ! + 0

rz = 3x4 + 1 + 2 = 15
= 184

(F, F2) ,
(F ,
F)

,
(F2

. Ful

Vs = 1 X4 + 3x2 = 10

(F,
,
F
, F2)

,
(F ,

Fz
,
Fz)

V4 = 1 X 2 = 2

[F1
, Fi .

Fz
,
FzS

Vj = V = 0



DF E = [11
I

2 2
= [1 . 2)

# 1 = (2. 2)

Fz #4 = 0

Iy = (4) 6 I

* Er Es 4 56
#62 (4 .5]

vi = 5 + 3 = 8

(F) (F2)

Vz = 5x3 + 6 = 22

(F. E2) (F , F,
) " (F2' Fr)

Vz = 1 + 6x3 + 5x1 = 24

(F, x 3) (F,
x2

, F2) (F , Fax 2)

:I . nFcn#s 1 ... Enl
V4 = 1X 3 + 6 x1 = 9

= n! - V, (n- 1) ! + V Ch - 2) ! - 83(n - 3) ! + ---
+ "Un - 0 !

(F, x3
,
F2) (FX2 , Frx 2) = 6 ! - 0x51 + 22x41 - 24x3 ! 49x2 ! + (x11 - 0

Vj = 1 x 1 =

(F,
x3

, Frx 2)



& F E = [11

2 2
= [1 . 2)

# 1 = (2. 2) I

F2 p = 0
3

Iy = (4)

* Er Es 4 56 #62 (4 .5] = 1 + 3x +x2

=> 1 +5x + 6x2+ x3

5 I

6

(l + 3x + xz)(1 + -X + 6x2+ x3) = c + 8X + 22X + 24X + 9X
*
+ X
*

+ ox)
>

-

To Y
,

Uz Us un u5

:I . nFcn#s 1 ... Enl
= n! - V, (n- 1) ! + V Ch - 2) ! - 83(n - 3) ! + ---

+ "Un - 0 !

= 6 ! - 0x51 + 22x41 - 24x3 ! 49x2 ! + (x11 - 0


