BT EREIEER 2025 Bh, HARE BE

EAgE. A

AREAXAHABFIOE (BESHH) B 11 B - EHEIRE » BUZIESHMEEAS -
ZalAH:
. BERE—KREE-BEIERERE-
o ROEIRERATERS -

- STEEFRLERRE  HEARBRBRG TN -
RAEERRE  mERNFEERERTASEIND -

EEmBREF BRI RELRRESRE

SEIARGEN : HEBRE

B —ERTEEMEIRIER o W MEHMBARESE -
7z FHRS > RO - B IENE  FRRE -

FEEHCHEEHMEE - ZRFHERRAEIERE -



B MR HAZRZE 2 - Page 2 of 9 12/24/2025

1. (10 points) Consider the following 6-by-6 board with forbidden positions (marked with x).
Determine the number of ways to place six non-attacking rooks on the allowed positions. (4

HFER)

Answer: 1 x6!—8x514+22 x4 -24x314+9x2—-1x11=161

Solution :

Using the Principle of Inclusion-Exclusion (6-4).

- |

X
FliX X7F2:
E

R(x, F1) =1+ 5z + 62° + 2°, R(z, Fy) = 1+ 3z + 2

Since F| and F; are disjoint, the rook polynomial for the entire forbidden board B is:

(1452 + 62% + 2°)(1 + 32 + 22) = (1 + 8z + 2227 + 242° + 92* + 12°)

N => (=1)Fry(6 - k)!

k=0

2. (10 points) The general term h,, of a sequence is a polynomial in n. If the first few elements
are —1,4,21,104, 355,924, 2009, 3856, 6759, 11060, 17149....., determine h, and a formula for
S - (REBALE)

Answer: h, = —1(}) +5(}) +12(3) +54(5) +48(}) = 2n* — 3n® + n? + 5n — 1

Skeohi = 1T +5("51) +12(") +54(")) +48("5)

Solution :

n 0 1 2 3 4 5)
h,, -1 4 21 104 355 924
Ah,, 5 17 83 251 569
A?h, | 12 66 168 318

A3h, | 54 102 150

A*h, | 48 48

ASh, | 0
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3. (10 points) Solve the nonhomogeneous recurrence relation h, = 6h,_1 — 9h, 2 + 2n + 1 with
initial values hg =2, hy = 7.

(a) The characteristic roots are: = 3 (with multiplicity 2)

(b) The form of the particular solution is AP = an+b, a,beR, or n+1

(¢) The general solution is h, = (5 +31)3" + sn+ &

Solution :
Ch7

The characteristic equation is:

—6r+9=0 = (r—3)>=0 = r =23 (with multiplicity 2)
(b) Particular Solution

hP) = An + B
Substituting this into the recurrence relation:
(An+B)=6(An—1)+B)—-9(An—-2)+B)+2n+1=-3An+ (12A - 3B) +2n +1

1 7 1 7
— A=-, B=- :>h(p):_ —
9’ 1 o=ty

(c) General Solution is the sum of the homogeneous solution and the particular solution:
a1 7
hn = (Cl + CQ?”L)B +-=-n-+ -
2 4
Using initial conditions:

° h0:2 e Cl+£:2 e Cl:%

e hi=7 = (C1+C2)3+3+7=7 = 3(1+C)+2=7 = 3C,+3=7 = C,=1

The final general solution is:

1 4 . 7
hn—<1+§n)3 —|—§n+1
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4. (10 points) Solve the recurrence relation h,, = 3h,,_1 — 2h,,_ with initial values hg = 1, h; = 4.

(a) The characteristic roots are: =1, 2 .
(b) The solution is h, = —2+43-2"
Solution :

The characteristic equation is:
0=r"-3r+2=0(r—-1r—-2), = r=1,2
The general solution for distinct real roots is:
hp=Ci(1)" 4+ Co(2)" = Cy + Cy - 27
e hp=1 = C1+Cy=1
e =4 = (C1+205,=4, = (,=3,C1 =—

The final solution is:
h,=-2+3-2"

SNSRI AURR BRIMMOE > (a) /\EERT AR

5. (10 points) Determine the number of integral solutions of the equation

1+ 6x9 + 13+ x4 =n, that satisfy 0 <z <5, 0< 29, 6 <13, —2< 14

x4

(a) The generating function G(z) = 755

(b) The coefficient of 2™ in the function G(z) =  h, = (",°) = (n=2)(n—3)

G(z) = (11__26) (1 _1L6> (1:261) (1x_2;c> T f4:1;)3

S (1))

\ N 0, ifn<4
N ,-u-l-.h-h- : = hn: ;

2
= 0 BARMFEET -

Solution :

BRRIE (2) 0 < 4 B - AR
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6. (10 points) Let h, denote the number of n-digit numbers with all digits at least 3, such that 7

occur an even number of times, 5, 6 each occur an odd number of times, and 9 occur at least

once, there being no restriction on the rest digits. Determine the generating function g(x) for
the sequence hg, hi, hs, .... and then find a simple formula for h,,.

Answer: (a> g(.T) — é(e7$ _eﬁx _65I+€4l’ _€3m+€2m+ez _ 1) ,
by hy = ) (700 =5t =3t 2 ) if n > 1
" (M0 —60—504+4°-3°+204+1-1)=0 ifn=0

Solution :

1. It is better to use the exponential type of generating function to solve this problem.
2. [all digits at least 3] = digits can be 3,4, 5,6, 7, 8, 9.

3. [there being no restriction on the rest digits| = there being no restriction on 3, 4, 8.
(a) Generating Function g(z) We use the exponential generating function (EGF) for each
digit:

e:I:+e—.T,
2

Digit 7 (even times):

2
Digits 5 and 6 (each odd times): (ez_267z>

Digit 9 (at least once): (e” — 1)

Digits 3, 4, 8 (no restriction): (e%)3 = &3

The total EGF is:

s
@
—~
8
N~—
I

Q| 00| 00| =/
—~
®

o no
)
o
N
B
N—
—
a®
Bl
o
8
S~—
—~
o
G
-
N—
%)
w
)

(b) Formula for h, The value h,, is the coefficient of Z: in g.(z). For n > 1:

1
hn:§(7”—6”—5"+4"—3”+2”+1)
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7. (10 points) Consider a I-by-n chessboard. Suppose we color each square of the chessboard with
one of the two colors red and blue. Let h, be the number of colorings in which no two squares
that are colored red are adjacent. Find and verify a recurrence relation that h,, satisfies. Then

derive a formula for A, .

Answer: recurrence relation:  h, = h,_1 + h,_2, hgp =1 and h; = 2

The formula for h,:  h, = f..9

Solution :

By construction hy = 1 and h; = 2. We now find h,, for n > 2. Consider a coloring of the
1 x n chessboard. The first square is colored red or blue. If it is blue, then there are h,,_; ways
to color the remaining n—1 squares. If it is red, then the second square is blue, and there are
h,_o ways to color the remaining n — 2 squares. Therefore h,, = h,_1 + h,_» . Comparing the
above data with the Fibonacci sequence we find h,, = f,, 12 .

Formula for h,: (BB Fibonacci #i1T > IRE—EEBE LK)

1 (1B (1B s4avE (14vE) 5-3vE (1-v5\"
VG 2 a 2 10 2 LT 2

FFRlER > BREIN > ;S ER LEIR(E - AREER IR 7 ZEREENIER !

hin
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8. (10 points) (a) Write down a combinatorial model (&%) for the Catalan number. (FEER
(b) /NER—HRRY)

Solution :

Check ch 8-1 > BZiEH > IURERE - KRE - EZEFES=AH - #H. FF REERE
BUSgEN e -

(b) Let 2n (equally spaced) points on a circle be chosen. Show that the number of ways to
join these points in pairs, so that the resulting n line segments do not intersect, equals the n'”
Catalan number C,,.

Solution :

Ch 8 problem 1.
ERER S ERIMEE - FEM—1E bijection » IRIEERIERIETFER o /\EERY o
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9.

10.

(10 points) Let D, is the n'" derangement numbers. Prove that D,, is an even number if and

only if n is an odd number.

Solution :
This is Ch 6 problem 21.
Key: FJBU TR FEEHEHERNE > BWRE D, =0, D, =1

Dy, = (n—=1)(Dy—y 4 Dys) or Dy =nDp_y + (—1)"

(10 points) Prove that S(n,n —2) = (3) 4+ 3(}) and s(n,n — 1) = (}), where s(n, k) is the
Stirling numbers of the first kind and S(n, k) is the second kind.

Solution :

This is Ch 8 problem 12(d) and 19(b).

HBHESER - BE2ERANEEER - JUEREERI -
Key: FRHEHRME - FERAZHESEREEAIA

EERAESEIE > AlERUT -
The Stirling number of the first kind s(n, k) counts the number of ways to arrange n elements

into k disjoint cycles.

The Stirling number of the second kind S(n, k) counts the number of ways to partition a set of

n elements into k non-empty subsets.
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11. (20 points) Given a sequence: hy = (g), hy = (;), hy = (g), vy hy = (72‘),

2

(a) Find the ordinary generating function of {h,} Tap

,”L'Q e®

(b) Find the exponential generating function of {h,,} 5

Solution -

Given h,, = (Z) = ”("2_1) for n > 2, and hg = hy = 0.

(a) Ordinary Generating Function (OGF)

Using the generalized binomial theorem:

For k = 3:

(b) Exponential Generating Function (EGF)
By definition:

L, 2" e=n(n—1)an
Ba)=) hir=) —F—

n=0 n=2
o 1 " 1?2 o :L,n—Q .CL’Q oo l’k IQ
E(x) = - = N — = —¢"
() Zz(n—z)! zz(n—z)! 2 Lk~ 2°€
=2 n=2 k=0
B , & , ‘THREABEER

Question: 1 2 3 4 5 6 7 8 9 10 11 | Total

Points: 10 10 10 10 10 10 10 10 10 10 20 120

Score:




