FESI " BEREER 2026 &, HiRE @BE

EAgE. A

ARZHRAE 1385 (BEFE) ) B 13 & - IAHRENRE > sAUZEHMEEZEASE -
ZalAH:
. BERE—KREE-BEIERERE-
o ROEIRERATERS -

- STEEFRLERRE  HEARBRBRG TN -
RAEERRE  mERNFEERERTASEIND -

EEmBREF BRI RELRRESRE

SEIARGEN : HEBRE

B —ERTEEMEIRIER o W MEHMBARESE -
7z FHRS > RO - B IENE  FRRE -

FEEHCHEEHMEE - ZRFHERRAEIERE -



FEEN _REANENER HAZRZE 2 - Page 2 of 13 2026,/06,/10

1. (10 points) Consider the following 6-by-6 board with forbidden positions (marked with x).
Determine the number of ways to place six non-attacking rooks on the allowed positions. (A

HFER)

Answer: 1 x6!—8x514+23 x4l =28 x31+13 x2! -2 x 11 =168

Solution :

Using the Principle of Inclusion-Exclusion (6-4).

The forbidden board B can be decomposed into three disjoint sub-boards Fi, F5, and F3:

X | X X | X

X X

The rook polynomials for these sub-boards are:
R(x,Fy) = R(z,F5) =1+ 3z + 2, R(xv,F3) =1+2x
Since F, F5, and Fj are disjoint, the rook polynomial for the entire forbidden board B is:

R(z,B) = R(x, F1) x R(x, Fy) X R(x, F3)
= (1+ 32+ 2%)*(1 + 22)
= (14 62 + 112% + 62° + 2*)(1 + 2z)
= 14 8x + 2322 + 2823 + 132 + 22°

By the Principle of Inclusion-Exclusion, the number of ways to place 6 non-attacking rooks on

the allowed positions is:

N (—1)*r(6 — k)!

NE

—0
X6l —8 x5l +23 x4 —28 x 31 +13 x 2! —2 x 1!
6

I
— =
00)
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2. (10 points) Given a sequence with hg = 2, h; = 3, hy = 10, and the third difference is constant:

A3h,, = 18. Determine hs, the expression of h,,, and a formula for Z he. (REIERD)
k=0

Answer: hg=_41 5 hy= 2(;)+1(}) +6(3) +18(5) =3n® —6n’+4n+2 ; » b=
k=0

2("1) + 1) +6(" ) +18("))

Solution :

Build the difference table; the leading (n = 0) diagonal gives the Newton coefficients.

n O 1 2 3
hy, 2 3 10 41
1
6

Ah, 7 31
AZh, 24
A3h, |18 18

Since A3h,, = 18 is constant, h,, is a cubic. From A?h; = A%hg+18 = 24 and Ahy = Ah; +24 =
31, we get hg = hy + 31 = 41. By Newton’s forward formula,

o (n n n n\ .5 o
hn—2<0)+1(1) +6(2) +18(3) = 3n° —6n° +4n + 2.

" n+1 n-+1 n-+1 n-+1
th_2( ! )+1< : >+6< ! )+18( ' )
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3. (10 points) We want to tile a 2 x n board using two types of tiles: (1) a 1 x 2 domino (which
can be placed vertically or horizontally), and (2) a 2 x 2 square tile. Let h,, be the number of
ways to tile the 2 x n board.

(a) Find the recurrence relation for h,, and state the initial conditions hy and hs.

Answer: hn = hn—l + 2hn_2 s hl = 1 s hg = 3

(b) Solve the recurrence relation to find an explicit formula for A,,.

Answer: h, = 22"+ (=1)"

Solution :
(a) A TEM 2 x n FHEE » HPBRR TG0 SUOHIERN - BHF 3 BEFRNER
ER 1 RARAINE 1 AR 1 x2 B = LWERNAEER 1 xh, 1, =h,,

_____________________

L RTH 2 x (n—1)
. WEE b, T8

ER 2 RARAIKE 2 EREN 1 <2 B — WEREER 1 x hy o =h,
2 2 ([EimEhe

FITHI 2 x (n — 2) 3
CSEE b, T |

_________________

FITH2x (n—2) | |
CSEE b |

1% = BRI ARIEM - BIASEIEE ¢

hn - hn—l + hn—2 + hn—2 = h, =h, ; +2h,_,

Initial conditions (¥JI&{&):
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e n=1 HEL2x1> RER 1 BEILEE — h =1

e n=2: HER 2x 2> AR 2EEIL - 2 @& X 1 ELR — hy=3

(b) Solving the Recurrence:

The characteristic equation is 1> —r —2 = 0 = (r —2)(r +1) = 0. The roots are
ry = 2,79 = —1. The general solution is h, = 2" + ¢3(—1)". Using initial conditions:
h1 = 2c; — ¢y = 1 hy = 4¢1 + o = 3 Adding the two equations gives 6¢c; = 4 = ¢, = %

Substitute back to find ¢ = . Thus, h, = 22"+ 5 - (=1)™.
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4. (10 points) Solve the nonhomogeneous recurrence relation h,, = 4h,,_1 — 4h,,_o + 3" with initial
values hg = 10 and h, = 35.

(a) The form of the particular solution is A”) = 9-3" (or 3"+2

(b) The general solution is h, = 2" + 3n - 2" 4 372

Solution :
f#i5— : generating function (UEEZIERILAREE particular solution)

Let G(z) = Y,°, hax™ be the generating function of the sequence h,.
Rewrite the recurrence relation for n > 2:

hy — 4hn—l + 4hn—2 = 3"

Multiply both sides by x™ and sum from n = 2 to co:

i hpx' — 4z i Rp_qx™ ! + 422 i hpox™ 2 = i 3"
n=2 n=2 n=2

n=2

Express each term using G(z), with hg = 10 and h; = 35:
ihnx" = G(x) — hg — hyx = G(x) — 10 — 35z
n=2
—4x i B2t = —4x(G(x) — hy) = —42G(x) + 402
n=2
4a* i hp_ox" 2 = 42°G ()
- i(?):c)” _ 1 1—(1-3x)—3x(1—3x) 922

_1_ e —
1 -3z s 1 -3z 1 -3z

n=2

Substitute these back into the equation:

(G(z) — 10 — 352) — 422G () + 402 + 42°CG(z) =

1—3x

Factor out G(x) and simplify:

G(z)(1 — 4z + 42%) — 10 + b =
(x)( x + 4a7) + 5x T

9z (10 — 5z)(1 — 3z) +92%  24x* — 35x + 10
(z)(1 - 22) Sl p— 1— 32 1— 3z
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So, get the generating function and use partial fraction decomposition

G(x)_24x2—35x+10_ -2 3 9
S (1—-22)2(1-32) 1-22 (1-22)2 1-32

Now, expand each term into a power series using m =3 o(n+1)a"a™

G(z)=-2) 2"2"+3) (n+1)2"2"+9) 3"2"
n=0 n=0 n=0
Extract the coefficient of 2™ to find h,,:

hyp=—2-2"+3(n+1)2"+9-3" = 2"+ 3n - 2" 4 3"

_9
1-3x

solution A =937 = 3"+2 while the fractions with (1 — 2z) in the denominator produce the

Note: In the generating function approach, the fraction directly produces the particular

homogeneous solution hP = (14 3n)2".

3 /NN
Homogeneous Solution: The characteristic equation is > —4r +4 = 0 = (r — 2)? =
0 = r =2 (double root). A = 127 4 con2n.

Particular Solution: Since the non-homogeneous term is 3" and 3 is not a characteristic root,
guess hP) = A.3". Substitute this into the recurrence:

A-3"=4A-3"1 —44.3"2 4+ 3"

Divide by 3"2
9IA=12A—-4A+9 — 9A=8A+9 — A =9

So, W) = 9. 37 = 3n+2,

General Solution: h,, = ¢;2" + cn2"™ + 9 - 3". Use initial conditions:

o h0:10 — 1 +0+9=10 = ¢ =1

o hi =35 = 201 +2c;+27T=35 = 2(1)+2c,+27T=35 = 205=6 — =3

Thus, the final solution is h,, = 2"+3n-2"+9-3" (which can also be written as 2" +3n-2"+3""2).
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5. (10 points) Determine the number of integral solutions of the equation

1+ Dxy+ 3+ x4 =n, that satisfy 0 < a1 <4, 0< 29, 4 <23, —1< 124

(a) The generating function G(z) =

Solution :
3

o) = () (=) (5) () = =
B e - (7)),

A hn*(”;) 0 >3 hy=0ifn <3318 (") 7 n < 3 BAKIRE 0 HRHI
et -
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6. (10 points) Let h, denote the number of n-digit numbers with all digits at least 4 (i.e. digits
4,5,6,7,8,9), such that 5 occurs an even number of times, 7 and 8 each occur an odd number
of times, 9 occurs at least once, and there is no restriction on the remaining digits (4 and 6).
Determine the generating function g(x) for the sequence hg, hy, ho,... and then find a simple

formula for h,,.

Answer: (a) The generating function g(z) =  L(e% — ™ — ¥ % — ¥ " 41 — ")

Y

(6" —5" —4n 43" — 2 41— (=1)") ifn>1

1
(b) The coefficient of £+ in g(x), i.e. h, = i
' 0 ifn=20

Solution :

We use the exponential generating function (EGF) to solve this arrangement problem. The
available digits are {4,5,6,7,8,9} (6 digits in total). We determine the EGF for each digit
based on its restrictions:

e.’It+G—.T,

o Digit 5 (even times): <

2
 Digits 7 and 8 (each odd times): (ez_2€71>
o Digit 9 (at least once): e* — 1

2 2z

 Digits 4 and 6 (no restrictions): (e*)* =e

The total EGF g(x) is the product of these functions:

e | e

1 : )

é(em e—m) (€2m 9 6—2:E) (6,7, 1)62.17

1

g(e&r 65:1: 64:1: eSx 621 6:1: 1 €7x>

% from g(z). Using the expansion

To find the formula for h,, we extract the coefficient of

n
ehr =3 k"Er, we have for n > 1

1
hn:§(6”—5”—4”+3"—2”+1”+0—(—1)”)

(Note that the constant term 1 = €% contributes 0", which is 0 for n > 1).

For n = 0:
1
h0:§(1—1—1+1—1+1+1—1):0
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7. (8 points) The number of partitions of a set of n elements into k distinguishable(B] & %3 #Y)
boxes (some of which may be empty) is k™. By counting in a different way, prove that

k= (’f)usm, 1)+ (’;)Q!S(n,z) P (i) n1S(n, n)

(If £ > n, define S(n, k) to be 0.) Here S(n, k) are the Stirling number of the second kind.

Solution :

Check Ch8 Theorem 8.2.5 and theorem 8.2.6.

8. (7 points) Let s(n, k) be the Stirling numbers of the first kind. Find s(5,3) = _ 35

Solution :
f#iF— : HEF Expand the falling factorial:
z(z —1)(x — 2)(x — 3)(x — 4) = 2° — 102 + 352 — 5022 + 24

The coefficient of z* is s(5,3) = 35.

BE : BiIEE s(n, k) =s(n—1,k—1)— (n—1)s(n — 1,k) °
BR 5(0,0) =1, s(n,0) =0 (n>1), s(n,k) =0 (k>n) > FIFHE :

n\k| 1 2 3 45
1| 1

2 -1 1

3] 2 -3 1

4 |6 11 -6 1

5 |24 —50 ~-10 1

BE0 s(5,3) = 5(4,2) —45(4,3) = 11 — 4(—6) = 35 ° B s(5,3) = 35.
A= 58 5 TEMRPIEE 3 EIRRAEE
15 3 BERIR < WIRRES 5 7k 3 BB « BURR 3+1+1 B 24+2+1 °

5 e
o) B=D1+5-5(, ) =10-245-3=20+15=35.

~~ ~~
3+1+1 24241

HIEE 3 EEmIRe 5 TTEM]A 35 1# > B 5(5,3) =35 °
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9. (5 points) Find the Ferrers diagram of the given partition A : 24 =8 +6+4+ 3+ 2+ 1, and

10.

the determine the conjugate partition A*.

Answer: \*= 24=064+6+4+3+2+2+1+1

Solution :

Using the Ferrers diagram (B fBE):

N W =~ O 0o

1

© © O O O O
© © O O O
© © o O
© O O

© O

o O

Reading column by column from left to right.

Conjugate partition: 6 +6+4+3+2+2+4+ 1+ 1.

(10 points) Let p? equal the number of self-conjugate partitions of n. Find pfs. Hint:
Theorem 8.3.2, pf = pl,, where p!, is the number of partitions of n into distinct odd parts.

Answer: pjg = _ 5

Solution :

Partitions of 16 into distinct odd parts, and their self-conjugate images:

Pl (distinet odd parts)

pig (self-conjugate)

15+1
13+ 3
11+5
9+7
T+5+3+1

8+24+1+14+1+1+1+1
T+3+24+14+1+1+1
6+4+2+2+1+1
O+5+2+2+2
4+4+4+4

GEBEEFHZMNATEH > FrAEEFERBE 16 WRA 2 @ 4 EE2 ISR ) Hence

Plg = piﬁ = 0.
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11. (10 points) Let f, is the n'* Fibonacci number. Prove that f, is divisible by 3 if and only if n
is divisible by 4.

Solution :

check Ch 7 problem 3

12. (5 points) Construct a linear homogeneous recurrence relation with constant coefficients for which

h, = n? is a solution (state the recurrence and a set of initial conditions).

Answer:  h, =3h,_1 — 3hp_o + h,,_3, with hy =0, hy =1, hy =4

Solution :

AREEREBIEER ? B XXEELIRM -

BE—(EEEBEZBENGEEERERRE » €13 h, =»° 2— @ (BHEERBEIAN—E
IR1EA) -

ERFAMRELENARNBEEMET
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13. (10 points) Let m and n be nonnegative integers with n > m. There are m + n people in line
to get into a theater for which admission is 50 cents. Of the m 4 n people, n have a 50-cent
piece and m have a $1 dollar bill. The box office opens with an empty cash register. Show that
the number of ways the people can line up so that change is available when needed is

n—m+1l/m+n
n-+1 m

Solution :

Ch 8 problem 5.

B , 2 , M THREABEE
Question: 1 2 3 4 5 6 7 8 9 10 11 12 13 | Total
Points: 10 10 10 10 10 10 8 7 5 10 10 5 10 115

Score:




