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1. (10 points) Find the determinant of

2 1 0 0 0
3 -1 0 0 0
A=10 4 1 -1 2
0 0 0 2 0
0 0 0 -1 3
Answer: -30
2 1
v o 2 1 0 0
3 =10 0 0
3 -1 0 0 y
0 4 1 -1 2/=1x 0 0 2 (expand on the 3"“column.)
0 0 0 2 0
0 0 -1 3
0 0 0 -1 3
2 1 2 0
=1x A R (by 4-3 problem 11)

=1x(=2-3)x (6—0)=-30

2. (10 points) Suppose that A is a 5 x 5 matrix with determinant 7.

(a) Find det(34) = 3> x 7=1701

(b) Find det(A™!) = 1/7

(c) Find det(2A7Y) = 2° x 1/7=32/7

(d) Find det((24)71) = 1/(2° x 7) = 1/224
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3. (5 points) Suppose that A is a 3 x 3 matrix with row vectors d, b, and ¢ and that det(A) = 3.
Find the determinant of the matrix having a, l;, 24 + 3b -+ 2¢ as its row vectors

Determinant = 6
a a
; | F |B=Rm-2xR)
20 + 3b + 2¢ 3+ 28
a
= b (R3 = R3 — 3 X Ry)
2¢
a
=2 b
c
=2x3=6
4. (10 points)
2 11
A=10 11
-2 1 2
0.5 =05 0 1 -1 0
The inverse of A= |—-1 3 —1| , and the adjoint matrix of A = |-2 6 —2
1 —2 1 2 —4 2
Afl — CLd](A)
det(A)

adj(A) = [a} .]*, where a;j = (=1)"" det(A;)

tJ
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5. (5points) Let @ =i —3k, b= —i+4j, =1+ +k.
Find @- (b x &) = 19

6. (10 points) Find out whether points (1, 2, 1), (3, 3, 4), (2, 2, 2) and (4, 3, 5) lie in a plane in R3

Answer: Yes

Name A(1, 2, 1), B(3, 3, 4), C(2, 2, 2) and D(4, 3, 5),
then AB = [2,1,4], AC = [1,0,1], AD = [3,1,4]

AB| 2 1 3
AC|l =11 0 1|=0
AD| 131 4



JEE—ARMEACER FRZE fi#% - Page 5 of 8 01/09/2020

7. (10 points) Using Cramer’s rule to find the component y of the solution vector for the given

linear system.
20 —3y =1
—4x + 6y = -2

21 — 1
y = MRZARAR or —

2 =3

Al=1", &

=0,|By| =

0,

—4 =2

8. (10 points) Circle True or False. Read each statement in original Greek before answering.

(a) True There’s an unique coordinate vector associated with each vector v € V
relatve to a basis for V'

(b) False A linear transformation 7' : V' — V' carries the zero vector of V' into the
zero vector of V.

(c) True The parallelogram (E4TPY3ET%) in R? determined by non-zero vectors @, b
is a square (IEAT) if and only if @-b =0

(d) True The product of a square matrix and its adjoint is the identity matrix.

(e) False There is no square matrix A such that det(ATA) = —1.

(a) It needs to be an ordered basis to be TRUE.

(¢)@=[1,0],b=1[0,2] = @-b =0, but it’s not a square.

(d) By Theorem 4.6: A * adj(A) = det(A)[l
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9. (10 points) Let V and V" be vector spaces with ordered bases B = ([1, 3, —2],[4,1,2],[—1,1,0])
and B' = ([1,0,1,0],[2,1,1,-1],[0,1,1,—1],[2,0, 3, 1]), respectively, and let T : V. — V' be
the linear transformation having the given matrix A as matrix representation relative to B, B’.

Find 7'([0, 3, —6)).

0 4 -1
e 1 1 2 ’
2 0 1
01 1
(a) If ¥ =0,3,—6], then vp = 2, -1, -2]
(b) T([0737 _6]> = [_147 _17 _127 _2}
1 4 —-1] 0 1 0 0] 2

3 1 1 ]3[~1]010]-1
-2 2 0 ]—-6 0 0 1]-2

1 2 0 2|10 4 -1 5 1 2 20 |2 —14
0 1 1 o011 2 1] = 0 1 Of [—3 _ -1
11 1 3120 1 1 3 2 —12
0O -1 -1 1110 1 1 ! 0 -1 -1 1] |3 -2
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10. (10 points) Let T : P; — P, be defined by T(p(z)) = D(p(z + 1)), and let B = (2*, 2% z,1)
and B' = (22, z,1).

3000
(a) Find the matrix A as matrix representation of T relative to B, B'. A = 6 2 00

3210

(b) Use A to compute T(4x3 — 522 + 3z — 2) = 1222 + 142 + 5

(a) T(23) =32® + 62+ 3, T(2*) =22 +2, T(z") =1, T(z°) =0
(b)

4
3000 5 12
6 2 00 5 | = 14
3210 5
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11. (10 points) Let S = {1,sin(z), cos(z),sin(2z), cos(2z)} is a set of functions in the vector space
F of all functions mapping R into R.

(a) Prove that S is an independent set in F.
(b) Find a basis for the subspace of F' generated by the functions { f1, f2, fs, f1}, where

fi(x) =1 —2sin(x) 4+ 4 cos(x) — sin(2z) — 3cos(2x), fa(x) =1 — 2sin(z),

fs(z) = 4cos(x) — 5sin(2z) + 3cos(2x), fi(z) =14 2sin(2z)

(a) Assume there exists a, b, ¢, d, e € R such that a+bsin(z)+ccos(z)+dsin(2x)+e cos(2z) = 0.

[z =0], + bsin(0) + ccos(0) + dsin(2-0) + ecos(2:0) = 0
= + 0+ ¢+ 0 + e = 0 —(1)
T =7 + 0 - c + 0 + e = 0 —(2)
T
T=5) ¢ + b + c + 0 - e = 0 —(3)
3T
z=) a - b + c + 0 - e = 0 —(4)
by (1), (2), we have c =0, = a+e =0 —(5)
by (3), (4), we have b=0, = a —e =0 —(6)
by (5), (6), we have a = e = 0.

Since a = b =c = e =0, we have dsin(2z) =0 for all z, = d = 0.

Hence, we have a = b = ¢ = d = e = 0. Therefore, its independent.

(b) ] o )
1 1 0 1 100 0
2 -2 0 0 0100
4 0 4 0/~|0010
1 0 -5 2 0001
-3 0 3 0] |00 0 0]

Hence, the basis is { f1, fa, f3, fa}
g, , W4

Question: 1 2 3 4 5 6 7 8 9 10 11 | Total

Points: 10 10 5 10 5 10 10 10 10 10 10 100

Score:




