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此為開書考，但是禁止與其他人討論
請框出答案. 不可使用手機、計算器，禁止作弊!

1. Find an unitary matrix U and a diagonal matrix D such that D = U−1AU , where

A =

 2 0 1− i
0 3 0

1 + i 0 1



|A− λI| =

∣∣∣∣∣∣
2− λ 0 1− i
0 3− λ 0

1 + i 0 1− λ

∣∣∣∣∣∣ = −λ(3− λ)2

λ = 0

rref(A) =

1 0 1
2
− 1

2
i

0 1 0
0 0 0

 ⇒ v⃗ =

−1
2
+ 1

2
i

0
1


λ = 3

rref(A− 3I) =

1 0 −1 + i
0 1 0
0 0 0

 ⇒ v⃗ = r

1− i
0
1

+ s

01
0



∴ λ1 = 0, v⃗1 =

−1
2
+ 1

2
i

0
1

 , λ2 = λ3 = 3, v⃗2 =

1− i
0
1

 , v⃗3 =

01
0


Notice that {v⃗1, v⃗2, v⃗3} is orthogonal.

∴ u⃗1 =
v⃗1

∥v⃗1∥
=

√
2√
3

−1
2
+ 1

2
i

0
1

 , u⃗2 =
v⃗2

∥v⃗2∥
=

1√
3

1− i
0
1

 , u⃗3 = v⃗3 =

01
0



U =

 | | |
u⃗1 u⃗2 u⃗3

| | |

 =
1√
3

−
√
2
2
+

√
2
2
i 1− i 0

0 0
√
3√

2 1 0


D =

0 0 0
0 3 0
0 0 3


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2. Prove the following two statement.

(a) The product of two commuting n × n Hermitian matrices is also a Hermitian
matrix.

(b) The product of two n× n unitary matrices is also a unitary matrix.

(a) Let H1, H2 are Hermitian matrices, i.e. H∗
1 = H1, H

∗
2 = H2. Since H11, H2 are

commuting, i.e. H1H2 = H2H1 (H1H2)
∗ = H∗

2H
∗
1 = H2H1 = H1H2. Hence H1H2

is a Hermitian matrix.

(b) Let U1, U2 are unitary matrices, i.e. U∗
1U1 = I, U∗

2U2 = I. (U1U2)
∗(U1U2) =

U∗
2U

∗
1 (U1U2) = U∗

2 IU2. Hence U1U2 is a unitary matrix.
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