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1. 請框出答案. 2. 不可使用手機、計算器，禁止作弊!
1. Use the process in Schur’s Lemma to find an unitary matrix U such that U−1AU is an upper

triangular.

A =

5 1 −2
0 1 4
0 2 −1


(a) Since the first column of A is

50
0

, we can consider the first step of the Shur’s lemma is

done!

Pick U1 =

1 0 0
0 1 0
0 0 1

.

(b) Let

A =

5 1 −2
0 1 4
0 2 −1

 =

 5 ∗ ∗
0
0

Ã

 , Ã =

[
1 4
2 −1

]

|Ã− λI| =
∣∣∣∣1− λ 4

2 −1− λ

∣∣∣∣ = (λ+ 3)(λ− 3)

Ã+ 3 + I ∼
[
1 1
0 0

]
, v⃗1 =

[
−1
1

]
, q⃗1 =

1√
2

[
−1
1

]
Pick q⃗2 such that q⃗2 is perpendicular to q⃗1. Pick q⃗2 =

1√
2

[
1
1

]
Ũ =

[
q⃗1 q⃗2

]
=

1√
2

[
−1 1
1 1

]
, and Ũ∗ÃŨ =

[
−3 ∗
0 ∗

]

U2 =

 1 0 0
0
0

Ũ

 =

1 0 0
0 −1√

2
1√
2

0 1√
2

1√
2


(c) Combine (a) and (b).

U = U1U2 =

1 0 0
0 1 0
0 0 1

1 0 0
0 −1√

2
1√
2

0 1√
2

1√
2

 =

1 0 0
0 −1√

2
1√
2

0 1√
2

1√
2


Check:

U∗AU =

1 0 0
0 −1√

2
1√
2

0 1√
2

1√
2

∗ 2 1 −2
0 1 3
0 1 −1

1 0 0
0 −1√

2
1√
2

0 1√
2

1√
2

 =

5 −3√
2

−1√
2

0 −3 −2
0 0 3


特別注意一下，這題的 U 跟乘完後的上三角矩陣都不是唯一的。
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2. Please provide a square matrix A that A is diagonalizable but NOT unitarily diagonalizable.

Solution：
example for Section 9.3 problem 19 (j).

3. Please provide a square matrix B with all eigenvalues of algebraic multiplicity 1 and B is
NOT unitarily diagonalizable.

Solution：
counterexample for Section 9.3 problem 19 (j).
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