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1. 請框出答案. 2. 不可使用手機、計算器，禁止作弊!

1. Find the characteristic polynomial, the eigenvalues of the following matrix. Pick one eigenvalue
to find a corresponding eigenvector.

A =

2 0 0
3 4 −3
5 0 −1


Answer: (a) the characteristic polynomial: −λ3 − 5λ2 + 2λ− 8 = (−1− λ)(2− λ)(4− λ)
.

(b) the eigenvalues and a corresponding eigenvectors: (4,

01
0

), (−1,

03
5

), (2,
33
5

) .
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2. Find the eigenvalues and eigenvectors of the matrix

A =

[
1 1
1 0

]
used to generate the Fibonacci sequence.

Answer: the nth Fibonacci number Fn = Fn = 1√
5

((
1+

√
5

2

)n
−
(

1−
√
5

2

)n)
.

Solution：
It is easy to find out that the eigenvalues of A are λ1 = 1+

√
5

2
, λ2 = 1−

√
5

2
. Also, we have

v⃗1 =

[
1+

√
5

2

1

]
is an eigenvector corresponding to the eigenvalue λ1 and v⃗2 =

[
1−

√
5

2

1

]
is an

eigenvector corresponding to the eigenvalue λ2.
It is well know that F0 = 0, F1 = 1, F2 = 1, F3 = 2. Therefore, we have[

F1

F0

]
=

[
1
0

]
=

1√
5

([
1+

√
5

2

1

]
−
[
1−

√
5

2

1

])
=

1√
5
(v⃗1 − v⃗2)

Thus [
Fn+1

Fn

]
=An

[
F1

F0

]
=

1√
5
An (v⃗1 − v⃗2) =

1√
5
(Anv⃗1 − Anv⃗2)

=
1√
5
(λn

1 v⃗1 − λn
2 v⃗2) =

1√
5

(
(
1 +

√
5

2
)n
[
1+

√
5

2

1

]
− (

1−
√
5

2
)n
[
1−

√
5

2

1

])

Therefore

Fn =
1√
5

((
1 +

√
5

2

)n

−

(
1−

√
5

2

)n)
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