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1. Is T ([x, y]) = [5x+ 4y, x+ y, x+ 1] a linear transformation of R2 to R3? Why or why not?

Solution：

T ([x, y] + [a, b]) = T ([x+ a, y + b])

= [5(x+ a) + 4(y + b), (x+ a) + (y + b), (x+ a) + 1]

= [5x+ 5a+ 4y + 4b, x+ a+ y + b, x+ a+ 1]

T (x, y) + T ([a, b]) = [5x+ 4y, x+ y, x+ 1] + [5a+ 4b, a+ b, a+ 1]

= [5x+ 5a+ 4y + 4b, x+ a+ y + b, x+ a+ 2]

Since T (x, y) + T ([a, b]) ̸= T ([x, y] + [a, b]), T is NOT a a linear transformation.
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2. Given A ∼ H, please answer the following questions.

A =


9 4 0 6 1
9 0 2 −2 5
−6 4 2 4 −2
−3 6 1 8 −3
3 −4 3 −9 6

 , H =


3 0 0 0 1
0 2 0 3 −1
0 0 1 −1 1
0 0 0 0 0
0 0 0 0 0


(a) the rank of matrix A, is 3 .

(b) Is A invertible? NO! .

(c) a basis for the row space of A is [3, 0, 0, 0, 1], [0, 2, 0, 3, -1], [0, 0, 1, -1, 1]
.

(d) a basis for the column space of A is


9
9
−6
−3
3

 ,


4
0
4
6
−4

 ,


0
2
2
1
3

 .

(e) a basis for the nullspace of A is




0

−3/2
1
1
0

 ,


−1/3
1/2
−1
0
1


 or




0
−3
2
2
0

 ,


−2
3
−6
0
6


 .

Solution：
(a) There’s 3 pivots in matrix H.
(b) Pick the rows in H which contains a pivot.
(c) Pick the columns in A which the corresponding columns in H contains a pivot.
(d) Let x4 = r, x5 = s. By H, 3x1 + x5 = 0, 2x2 + 3x4 − x5 = 0, x3 − x4 + x5 = 0. Thus
x1 =

−1
3
s, x2 =

−3
2
r + 1

2
s, x3 = r − s.

x1

x2

x3

x4

x5

 = r


0

−3/2
1
1
0

+ s


−1/3
1/2
−1
0
1
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3. Let T ([x, y, z]) = [y− z, 2x+ z,−x+2y+ z] an invertible linear transformation from R3 to R3.
Find T−1([5,−3, 2]).

Answer: T−1([5,−3, 2]) = −1
7
[1, 16, 19]

Solution：
Let A is the standard matrix representation of T .

A =

 0 1 −1
2 0 1
−1 2 1

 , T ([x, y, z]) =

 0 1 −1
2 0 1
−1 2 1

xy
z

T

The standard matrix representation of T−1 is A−1

A−1 =
−1

7

−2 −3 1
−3 −1 −2
4 −1 −2



T−1([5,−3, 2]) = (A−1

 5
−3
2

)T =
−1

7
[1, 16, 19]
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