.  SOLUTION EI9K FEEN—A4R M EX
Eagk. Quiz 2 2 HEE: 2024/03/06

| BIEHER o RoERFE  HES - BiER

1. Given a matrix A and use it to answer the following question. (a) find the eigenvalues and
a corresponding eigenvectors of A. (b) find the algebraic multiplicity and the geometric
multiplicity of each eigenvalue.

-1 01
A= |-7 2 5
3 01
0 —1
Answer: (a) find the eigenvalues and a corresponding eigenvectorsof A: (2, |1|), (=2, [=3]) .
0 1
(b) Answer: for eigenvalue -2, its alg. multiplicity is 1 where its geo. multiplicity is 1.

for eigenvalue 2, its alg. multiplicity is 2 where its geo. multiplicity is 1.

(c) Is A diagonalizable? ( Yes / ) .

Ifnot, why? for eigenvalue 2, its alg. multiplicity is 2 where its geo. multiplicity is 1.

If so, find an invertible matrix C and a diagonal matrix D such that D = C~1AC.
C=_ X ,and D= X

Solution :

Since the characteristic polynomial of A is pa(\) = det(A — A[) = =A% + 2)\? + 4\ — 8 =
(=2 — A)(2 — \)?, the algebraic multiplicity of 2 is 2 and the algebraic multiplicity of -2 is 1.

1 00 0
A—=2I~ |0 0 1| = null(A—2I)=sp(|1l|) = the geometric multiplicity of 2 is 1.
0 00 0

01 —1
1 3| = null(A-2I) = sp(|—3|) = the geometric multiplicity of -2 is 1.
0 0 1

A—(=2)I ~
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2. Let A be an n x n matrix. (FEIMEN—EEZENR] » s01SEBRIREEMIRE)

(a) Prove that if A is similar to rA where r is a real scalar other than 1 or -1, then all
eigenvalues of A are zero. [Hint: by 5-2 prob. 18. similar matrices have the same
eigenvalues with the same algebraic multiplicities.|

(b) What can you say about A if it is diagonalizable and similar to rA for some r where

r| # 17

Solution

(a) If r = 0, trivial case!

If r # 0 and |r| > 1. Let A\; is an eigenvalue (possible complex) of A of maximum magnitude
and there exist v, # 0 so that A%, = A\;@,. Thus (rA)v; = (rA;)v; and rA; is an eigenvalue
of rA. Since A is similar to rA and use the idea of 5-2 prob. 18, we know that r); is also an
eigenvalue of A. However, |[rA1]| > |A1]. (=<=)

Ifr# 0and |r| < 1. Let 5\1}8 an eigenvalue (possible complex) of A of minimum magnitude.
Similarly, we have |rA;| < |\]|. (=)

(b) A= On><n‘
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