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1. 請框出答案. 2. 不可使用手機、計算器，禁止作弊!
1. Let W = sp([0, 1, 1, 1], [1, 1, 1, 0], [−1, 1, 0, 1]) is a subspace of R4. Using the Gram-Schmidt

process to find an orthonormal basis for W and then transform this to an orthonormal basis
for R4. Given b⃗ = [−2, 3, 0, 1], please find the projection b⃗W .
Answer: an orthonormal basis for W is { 1√

3
[0, 1, 1, 1], 1√

15
[3, 1, 1,−2], 1√

15
[−1, 3,−2,−1]}

b⃗W = 1
3
[−5, 9, − 1, 4]

an orthonormal basis for R4 is { 1√
3
[0, 1, 1, 1], 1√

15
[3, 1, 1,−2], 1√

15
[−1, 3,−2,−1], 1√

3
[1, 0,−1, 1]}

Solution：
Let a⃗1 = [0, 1, 1, 1], a⃗2 = [1, 1, 1, 0], a⃗3 = [−1, 1, 0, 1],

v⃗1 = [0, 1, 1, 1], q⃗1 =
v⃗1
∥v⃗1∥

=
1√
3
[0, 1, 1, 1],

v⃗2 = a⃗2 −
a⃗2 · v⃗1
v⃗1 · v⃗1

v⃗1 = a⃗2 −
2

3
v⃗1 =

1

3
[3, 1, 1,−2], q⃗2 =

v⃗2
∥v⃗2∥

=
1√
15

[3, 1, 1,−2]

v⃗3 = a⃗3 −
a⃗3 · v⃗1
v⃗1 · v⃗1

v⃗1 −
a⃗3 · v⃗2
v⃗2 · v⃗2

v⃗2 =
1

5
[−1, 3,−2,−1], q⃗3 =

v⃗3
∥v⃗3∥

=
1√
15

[−1, 3,−2,−1],

Let a⃗4 = [1, 0, 0, 0], a⃗5 = [0, 1, 0, 0], a⃗6 = [0, 0, 1, 0], a⃗7 = [0, 0, 0, 1]

v⃗4 =a⃗4 −
a⃗4 · v⃗1
v⃗1 · v⃗1

v⃗1 −
a⃗4 · v⃗2
v⃗2 · v⃗2

v⃗2 −
a⃗4 · v⃗3
v⃗3 · v⃗3

v⃗3 =
1

3
[1, 0,−1, 1],

q⃗4 =
v⃗4
∥v⃗4∥

=
1√
3
[1, 0,−1, 1],

Method 1:

b⃗W = (⃗b · q⃗1) q⃗1 + (⃗b · q⃗2) q⃗2 + (⃗b · q⃗3) q⃗3

=
4√
3
q⃗1 +

−5√
15

q⃗2 +
10√
15

q⃗3

=
1

3
[−5, 9, − 1, 4]

Method 2:
b⃗W = b⃗− b⃗W⊥ = b⃗− (⃗b · q⃗4)q⃗4 = b⃗+ q⃗4 =

1

3
[−5, 9, − 1, 4]
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