
6-4 : The Projection Matrix
->
basis

= Given W = spiai , ..., i) CIR" , given beIR"

=> b = Bw + 5w = p + (P)
↑ ↑

I ! W + dot product

If T : linear transformation
.

s.t.
TCB) = Ju

.

(Ch6-2 , get br by G - s of Sail).

Q : What's the s . m . r . of T !

↳

D: JweWi . V . K . -E St . Ju = ra 1
+ Vant

. - + Ran = Ar

where Anxi = [ac ...) ,
= = (i)

& but : 5-bw = 5- Are W
+

+

Ab-AA :

i AA : At
*
if ATA : invertible = F = (ATA)"A b => Ev = Ar : ALATA)At

: - T(b) = 5 wELAS"A"T : the s
. m .r. of T = ACATA)"A = P : projection matrix



Thm 6 . 10

Amen
,
rank(A) : => rank (AA) = v

p.f .

Recall
J

.

I .

(Amxm Amen) nxn
rank(A) = V E> dim (null (A)) = n - r

rank(ATA) = r = dim (null)AA)) = nor

rewrite the statement : Aman
,
dim (null(A)) = n-r => dim (null)AA)) = n-r

D
↓ venull(A) , i . e. At= => ATA = A = : => Enull (ATA)

=> null (A) - null (ATA)

& Tenull (HA)
,

: . e . AtAt= = T(ATA) = T8 = 0
=> Av=

(V: (A) = (A) · (AV) = 11 AWI = Ve null (A)

i. null (ATA) & null (A)

:. null(A) = null (ATA) :. dim (null)AAl) = dim (null (A)) = n -

r



& ATA : invertible ? Yes !

Back to previous page. basis

*
dim(w) = k

- ↓

I
I => rank(A) = K

Given W = spiai , ..., r) CIR"
, given BEIR" ,

An : [ac ... an

: by Thm 6 . 10 (An Anxie has rank K

rank (ATA) : k
,
AA : kxk matrix: . ATA : invertible

i
. The Projection Matrix P = ACATA)"AT

:
. 55

,
Tw : PE = ALATA)"A t

eXW = sp() : sp([)) ,
b : [3)

,

find Br :?

A : [] : Al : 22 433 [3,) = (21]

: Ev : ACATA)"A5 = (&] [2 <3)(2) :](: )



ex

Find the projection matrix for the X-z plane in 11

Sol

W = spe ,
es) , find P

A[] : [ii] ,

AA : [ii][i] : [di)

: P : ALAA"At : [i][: 7"[o:i) = [ii]
: v5 = [E ,

PE = [b]



eX'

Find the projection matrix for the plane 2x-Y-37 = 0 in 11

sol .

W = plane 2x-Y-3z = 0
,
the normal rector n of W

.

= [_ ]

pick , W = [] · n
: [h] a van

: dimiws : a
.

We splaias : A : [3, ]
ATA)" = [15]" = in [is]

pin]](i) = i) is iI
6 -35

:V :

(i) ,

Ju : P5 = i
10bitubi + bbs
2 b ,

+ 1362 - 363I
6b ,

- 3b + 5b
I



Thm

WCIR"
,
E ! Puxn st

. BERRY
,
PE = Ju

Moreover
,
P = ACATA)"At

,
where Anxi has columns a

,
An .... A

and S ,
a
, ..,] : basis for W

p.f
.

(1*)

~ VJER
,

bu : unique ,
T : linear transf

.

T(b) = Tw

Prop .

S
: idempotentP : projection matrix =>Prsymmetric

pf . (1)

use P : A LATA)"AT



Thm 6 . 12

Every projection matrix P for WCIR" = P : idempotent & symmetric

Conversely , every nxn idempotent & symmetric matrix is a projection matrix

i . e . the project matrix for al(P)

p .
f

.

Ar
. [i--][]

↑
D by Prop. col(A)

② let W = col(p) be11" = v.+ rzGz + -- +Uitk

(i) check PBEW
-

: PS Ecol(P) = w v
I

(ii) check 5-PBW+, YER"

&45) · ((x) = (5 - P5)" (P*) = (15 - PE)"(Px) = (11-P(5)" (PY)
? w

+ +W

= I (EP) (P*) = b"([-P)Px = bi(P-pYY : GTOT = [0]
-

P : symmtric P : idempotent zero matrix

: -Pewti
.
bw = Ps



" I hate (ATA)"
, Hope : ATA : I

,
i . e . LATA)" = I

Q : When does AA : I ?

A : Cia-E] ,
AA : [C] = B = 2bic] E bij = a)

: AA : I iff bij: : 90 it ifEv
: orthornas

Thm

Let E , , . . :] : orthornormal basis for WaIR"

=> The projection matrix P : AAT
,

where Anxi having columns a,an
, ...,
a



eX :

if W : spia ,a) <IR
,

= [+ )
,

a (i)
soh

check o = 0· Kill : Hell = / : Si
,

5
: 3 : orthornormal basis for W

let A : T ,
AA : St is

1
:. P = AAT = [50 510 -" I

Y3 -y3 33



36 . 5 The Method of Least Squares

Hook's Law

F = kl
,

" E L = b + l
=> L = lo + ↓ F

Te 5
w

↓
F

↑ ·
↳- ⑨

L- &

di + di + dj + --
+ dm = min

4- &

i m
>

M3



L (x) = Vo + V, X weight
=> LIX) = 1 . 5X + 3

. 1

L (x) = Vo + V, X weight /365151 ,201 25 t
6. 5 Vo + U.. 2

=(i)8.52 0 + V.. 4
= · i11 .0 Vo + + . 5

12. 5 i Vo + 4 . 6 Liz
A

T

linear fit

d , = 6 .5 - (0 + U.. 2)

dc= 0 . 5 - (0 + U.. 4) => = 5 - Ar

di = 11 .
0 - [ro + V . 5) di+ di+ ds + da = Id = 15-ArK

dp = 12. 5 - (V + 4 . 6)
: find T S

.
t

. Ib-AUK is min



Ar = Ew = A LATA)"A T5

D : F = LATA) A 5

* Ax =5
D or solve (ATAl = Ab

*

weight /365151 ,201 25
ATA = [i]

,
LTA)"= [ii]

= = LTA)"A"T

=> * Ii) - ii) [iis ini
T

=[] = [i5]
b A Answer : y = f(x) = 1 .5x+ 3 . 1



exa
,

ex3

V + V..
2 + 22 . 2

Vot r.. 4 + 2
- 42

= I ro + r.. 5 + 22 53 I
ro + V. -8 + 22 - 82

quadratic fit



81
-- Iam

y = V + r, x + V X2+ rzX3 + -- - + MnXh

Data (Gi ,
bi) => bi Vo + Vai+ wa+ ra+-- - + Unau

i = (ATA)"A b
~

sol (ATA) : = A 5

y = f(x) = veSY



ai I 2 3 4

bi 3 4 .5 g 17

y = resY

lay = In (re
*
) = Cur + luces

*

) = Gr + SX

= LAAlA5 =

expontial
fit

20
. 435

- 1
.54i= y = 1 .

5490577X



i = (ATA)"A b weight /365151 ,201 25
~

sol (ATA) : = A 5
e

linear fit
·
AA =Caia]( ) : See I

If Ez = AA =[i] = LATA)" = [* Tip]
= hi

If A =QR ,
with QIQ =2

= LATASA5 : CQRITQRS" CQRIT5 = CRIQIQR)"RIQ" : /RR)RYQE

= R*(RT)"RIQ"5 = R"QT5 => R = Q5





- overdetermined systems of linear equation

solve AX = 5 A : mxn matrix E X
+ y+ z = 3

2x - y + 37 = 4

1 - 4
= Lis](z] = [i]

F
A :

2x3
m = n # unknown

#ef
F

*K ,
EX - F

m = n

T

mcn

T

m > n
>

overdetermined systems : man
-

A : 5 x3

Ax =5



eX : ex :

[
I

! ]() = [i) = [] = [i]21

and

[21) (j) = (i)
A. x = 5

:Pr = ATA)"AT5 - Arab -Aul min
& sol : (ATA)= ATT

AT A ↑ = AT b

=> /


