
Def
.

#=5 : linear system

1
.

the system is consistent if it has one or more solutions

2.The system is inconsistent if it has no solution

Thm
.

#X =5 : linear system , [Al5]u[HIE] ,

where H : re form

1 . AX =5 is inconsistent

iff [HI] has a row with all o in the left part but non-zero in the right part

2. AX =5 is consistent and every column of H has a pivot

=> unique solution.

3. AX:t is consistent and some column of H has no pivot

=> infinitely many solution , with as many free variables as the number of pirot-free column in H.



Def .

elementary matrix can be obtained by apply one elementary

row operation to an identity matrix.

eX

( E

I : ! I 8

%
O10

OJ- R , t R [
00 I
I -⑧ O I

- elementary matrix
R2 - R2+ 4Rs IE (ii)O

R3 > ERs [0%&



Thm

Amen : matrix
, Emm : elementary matrix

EA : apply the same elementary row operation from E to A.

-
Rs - ERs

- Ra -> R2+ 4Rs

I O O
- O

I I 4exi Can an an
E = [!1 Es=

So.
I
J

Anz
Anz

932 AslairasclassS A 2
+ 4932 Iasl 932 ass



ex, A , As ... An

A : EA

Az: EzAl = EcE , A

As : EsAc: EsErE , A Rz Ri

eX :

A =[]Ri & Risk E ,: [0 I[
45 - 2

O

R3- Ry +2 R ,

RicBR,

120 is] Ris* En: [00]
Rs + Rs-R

RieRstRi 3 H RE=oG
& I

H : Ras(Ry((Rc(A))))S H= EsEE , A
A : RiMiRij(H)))) or A : EEEH



1 - 5

· a
.
belR

,

· Anan
,

Jax
,

aX = b = X = b/a AXE
! 3X = 5 => X = 5/3 c(AY)Ecb

= Y = Cb

axqo * =
I'

= [a]axe[]b
[a]X II

ba .. X: b
X
-

Q : How to find 2 st . CA : I

Q : if CA : I => AC : I



Thm

Anxn : matrix

If ICm
,

Duxn st
.

AC : I
,
DA : I.

then C= D

pf .

DAC = D(AC) : D . I = D
:. C = D

↑
(DA)C : I · C = C

inverse of A
Def

.

↓

· Anxn : invertible if I Cran s
. t . CA : AC : I

.

Denote C by At

· Anxn : singular if A is NOT invertible



DRiceRj us RjztRi
Thm .

every elementary matrix is invertible.
& Ri + RittRj m Ri + Ri-rRj
& RierRi -Ri + tRi

p .

f.

E : elementary matrix if I R : elementary now operation

st. E = R(I)

E R : elementary now operation s.

t. RoR : identity
let E = R" (1)

: E . E = R
"

(E) : RYCR(I)) : I

EE = RIE) = RCRICI) : I

.. E = Et



exi
Es : /104]

: R : R-RitPRsiRRRR s

I
- 4Es Lo ]⑧

Thm

A, B : invertible nxn matrix

=> AB : invertible and (AB)" : B"At

pf.

A . B : invertible= EA
, B" st AA : A A : 1

,

BB" = B"B : I

(AB) (B"A") : A (BB") A" : A . I .A : AA : I

(BA) (AB) = B" (AA) B = B"B = I

: LAB)" = B "At



Thm A : nxn

The following are equivalent :

1AX =
5 has a solution for all 5

2
. AvI

3. A : invertible

p .
f . (2) => (3) (3) = VI

A -I = Run): R (B(A) ... ) : I A : invertible iff A
"

: exist

- st.
AX : 5 - AlAY) : A 5

let Ei : Rins(I) i
· I : Ex .. ... EE

,
A

"

(EiET ... Ei . I:En ..... EEA = A
: X : Ab

: A = EYE ... Ei= Ex ... EE , )"
,

A" = Ex-EE ,
(check : A (A5) = 5 (

*
[All) CEAlE] [EEAlEE ,] n.

- - Ex [Ex ...
EE , AlEx-EE , ] = CE/A")



1AX =
5 has a solution for all 5

11) = (2)
-
reduced row-echelon form

2
. AvI

AX =5 has a solution -> ef([Ab]) = [H/2)

then H : rref(A)

DH : I v

elt
~

& H *I: each column : above & below pivots are 0'si
.

each col has at most one pivot

: HEI = some row has no pivot
: pivots In

i

. e . row : all o's
- HAI: * pivots an

: the bottom row of H is T

· Anti- EEl .
Es

. ...
En : elementary matrices sit. H = Ex - -EvE A

pick b : (Ex--EE'En
,

where En : (i)
*then [A15] - [HIen] = [00000007 No solution *



inverse of A
↓

Thm Anxn : invertible if I Cran s
. t . CA : AC : 1

.

Denote C by At

if E 2 sit Ac =I
A , 2 : nxn matrices

or CA=I

=> CA : l iff AC
: l

p.
f.

Assume AC : I 55 ,
sol : AX=5 ,

then X = 25 is a solution

check : Ax : ACT : 15 : 5 V

i .
85

, AX : 5 has a solution : Avl

: &Ex ... EvE,: elementary matrices s
.

t. I = Ex . - - EE ,
A

let D = En - -EE ,
i

. SAC : I i
.
C = D : CA = I

DA = I



eX:

A : [i] ,
find A t

Sol

[29160]RR1 %]
R2+ Rz- zR , [6Y 192]-

RR1 - 4Rm[00, 142)
:
- A = [Y]

A"exist [All] -Cll A"]



Thm A : nxn

The following are equivalent :

1AX =
5 has a solution for all 5ER"

2
. AvI

3. A : invertible

4. zE
,,

En , ..., Exielementary matrices s
.

t. A : E
,

En - -El

5. Let :: the ith column vector of A ,
then spia..., [n) : IR

p.
f

.

(5) ED 11)

A = [a-n] ,
X : [*]

A= E b : [a]*+ ...
+Xanespian ...,

An

has sol.
&

linear comb
.

of S :



1-6

Ax =:

Def
.

a linear system (AX =5) is homogeneous if 5 = 0

↑

AY = 5 has solution *, **

= Ax: 5 : A = Axi -A : A(x-*1) :
5 - 5 = =

: AX =% has non-trivial solution (**)



Thm A: nx * the sol set of Ax =-

At = % has solutions i ,

he
is a subspace of "

= Fr . SER
,
rhitshe still a solution for Ax = :

pf.

Ah
,
=, Ah=

↓ USER , A (rhi + st) = Acrhil + Alst) : rAhitsAha

= vo + 55 = 5 + 5 = 0

Def
.

W is a subspace of IR"

if D W : subset of IRhS
② (i) closed under vector addition : v ,

NEW - + w

S
(iis closed under scalar multiplication : VEIR ,

View =View



Wi
W

G' * the sol set of Ax =-

Given A : nyn matrix. Let W : SYRYAX = : 3 is a subspace of "

=> W : subspace of IR"
subset

↓
ex :

W = ((x , 2x]/XcIR] < IR2

check : Dis Va . belR
,
let h = [ a . 29]

,

= [b
,

2 b)

u + = = [a , 2a) + [b ,
2 b] = (a + b

, 29 + 2b) = [a+b
,

21a+b]W

is Fr , Un = r [a , 29] = [ra
,
z(ras] =w ofR3

~

i
.
W : subspace of IR? · W is Not a subspace of IRS (Since W is Not a subset /

eX :

W = S : 3 <IR"

check : his 8 + % = W
: W : subspace of IR"

Riis F VEIR
,
20 = 0 -> W



ex = W = [ < a
, 2a+ 1] /GER] < IR2

check : gi) Va . DERR
,
let h : [a .

29 +]
,

0 = [ b
,

2 b +1]

n + v = [a+b
,
2(a+ b) +2]W

*

2(a+b) + 1

: W is Not a subspace of IR"



Thm

Given E , , , ..,

EIR
,

let W = spit, i , .. , i)

=> W : subspace of IR"

p .f
.

DW : subset of IR"

② is , EW

let : U ,
W

,
+ VEt ..

+ Vict
,
where , . .., ,

S
, ....Si EIR

V = S ,
E

,
+ Sect ... + Sit

n + 0 = ( V , + s,, + (Un +Sc)2 +... + (r +Si)Wi EW

(ii) F2 IR

du = < (v ,
W

,
+ rE +.. + rict)

= (v) W + Kryt - -
+ (V)WeW

i
. W : subspace of IR"



DefAm
space of matrix Amis &E"/A : 03 = nullIA)

2. The row space of A : sp(row vectors of A) < IRV = row (A)

3. The column space of A : sp(column Vectors of A) < IRm = col(A)

Moreover , nullspace ,
row space are subspaces of IRh

,
column space is subspace of IRm.

↓
A =Sit=e*

A : [ii]
1

. nullspace of A : sp([i])csp((= ]) asp([: ])
2. row space of A = Sp(21 ,

0
,
33

,
20

,
1 .

-13) <R3

3. column space of A : sp([o]
,
[i]

,
[2 ,]) < IR2



Thm .

↑ is particular solution of Ax =5

then
- is a solution of AT =-- ↓

homo
.

sol of Ax = J

-

iff it has the form pth
,
where his a solution of AX =or

p.
f

.

(E)

A(pth) = Ap + At = 5 + : = 5

(E)

SATA-A =A
Il

5- 5 = 8
i .

=+



Thm
.

Auxn

A : invertible

iff AX=% has only one solution (only has the trivial solo)

iff if Ax=5 has a solution
,
then the solution is unique.

iff AX =5 has a solution for all 5 EIR"

pof.

if A : invertible
.
ALA"5) = 5

: .
X : A t is a solution

ift is another solution
.

A"PA =5) = v =A 5=



ex

A: [2]
I

Ax = (i) = (2)[) = [i)

- particular sol r(i]check

[*) is a sol of Ax : (2)
11

↓
V

A = [32?] ~ (00] = STEO : ] Fri
X3 = v

↓ the nullspace of A is sp([,) wp((-)
: all sol of A = [3) are [*) + n where hesp((E)

all sol of AX = [p) are [] + r() ,
where reIR

the sol set of Ax = [i] is [] + r[] (VEIR]



Thm
[ii] [i]

Amxn

I, if AX=5 has a solution
,
then the solution is unique

ift ) H = rref(A)
,
H =]m

p.f.

22) = 11)

[A15] - CHIE] = C/2] => the solution is unique
if it exists.

1) = 2/

every column of H has a pivot . (pivot) = n

every row of I has at most one pivot = my n

A: [hij] , say pivots are arous . Gzoss - -> Gnosus

1 = 0(1) < +(2) < 0(1) < ... (0(n) <n = O(j) = j



Cor.

Amen ,
man (m: E

,
n : **SER)

Ev , At = o has infinitely many solution.

2) AX =5 has a solution -> the solution is NOT unique.

Recall A : mxn

x
the column space of A

1.

If Ax=5 has a solutionT Ecol(A)

2
. the column space of A (col(A)) is a subspace of IRh

and the of free variable is equal to the of non-pivot column of ref (A)


