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domain codomain
f(x) = 2x

map f:- Y = 2X

f(X) -range ↑D92 -
4

.
6
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201
-

eX : & [1 ,
2

. 3 ,
-- 201

f : 3 1 , 2 , 3, . .
. , 103 -Pe

e.g.

f(x: X * 2

X 1- f(x) = 2X

domain : E1 .
2

, ... 103 Of EME

codomain = IN well-defined & f(x) -Y

range = 32 .
4 ,
6 ,
8, . . . , 203 = (f(x(x- EX)



Def
.

y
map

T : IR" -> IRm is a linear transformation

if

I
D TCu +) = T(U) + T(V)

I

- V, EIR"
Preservation of vector addition

& TCrs = UTCS
,
EVER , VERY

Preservation of scalar multiplication

o
L P. S

. T(8) = T10 . %) = 0 TE) = 5

if T(rn + SV) : UTIn) + ST(r) ,
FrisEIR

,
VERY

Preservation of linear combination



Prop Recall

T : IR" -> IRM : linear trans [T (a) / new 3 W=subspace of IRM

if W : subspace of IR" then W : subspace of 1Rm if D W : subset of 1m

②=W
, Few

p.f . & rvEW , FrEIR

(i) : range in condomain :
·
TIW) in 1Rm

(ii) Xp. TIW) ,
VEIR

,
Claim : D +ge TIW)E②UpeT(W) *n , T--

WST=,Ti= maybe TIP ,Ti

(
-

,
=W

,
W : subspace of IR" Son ↑y : +VEW

(iii)Up:T #



eX :

given Aman
,
define T : IR"-> IRM mina -> mx

*-TC) =A

check T is an linear trans

& Ax + Ay = Ack +y
·
AcrY) = vAY

Il

"T(y) Tir
"

T(x) + T(Y) UT(X)

eX:

T : IR-IR : NOT linear trans

X1- sin(x)

check : sin) + E)sin() + sin(E)

X=, y=



Thm

T: IR"-1Rm : linear trans
,
B = 95 , ....bn3 : basis for IR

↓ PETCIR") can be expressed by B = ETCB, . . . .TIEnlcsp(TCEi , --

,
TCBul) = TCIRY)

pf .

"

T (B) SP((B))

: PET/IR") :· v st. P = TIV)

: B : basis for IR"

:. I! V , ...,UER sit. Vib , +... + Unton=

:. P : T(V)
= Tribit ... + UnEn) =T+ratect - -

+ Un-but al = TCrib ,
+... + Un Bn

·
+ TCrnEn)

= TRUE + r) + T(rp54)+... + TCrnEnS

=T+2) + T(Usbs)+... + T(UnEn)

= T (r .> , ) + TCUz52) + TIVsEs) +... + T(UnBn)

= U . T(b, ) + . .. + UnTCEn(



ef . IR , ei =

[i] ,
:

[i] e .g .
I, = [i] ,

ec = [i] ·
Es -

[i]
Recall

Standard basis &,
Es
, ... en] for IR"

,
: : 1 in the ith position , other are o

Def (s. m . r)

T : IR"-IRm : linear trans Let A be the standard matrix representation of T

Iif A :

Thes ...
Then

I -MXN

Thm
. (s . m . r)

T : IR"-IRm : linear trans Let A be the standard matrix representation of T

=> XXEIR" , TIX) : AY

p.
f

.

↑ YEIR" = E ! v .
rz ... UER st. = re + rect ...+ men = [i

I

T(x) = v T(e) + r T(es) +
...

+ UnTEen) = Tre ... Then (i) : Ax
I



ef . IR , ei = /Jor < 1 . 0)
,

Ei =

[i] or 20 , 13

eX :

T : IR"- 13
,
T([X , Y]) : [2x +Y

,
3X

, 4X-Y]
,
find the s.

m . r.
of T

.

Tell = [ 2 . 3 . 4)
,

Tea = < 1
.

0
.

- 13
↓

=> A :[ ,T : (*) :[
&

5. m .r
.

of T

ex : T : IR" - IR" : linear trans ·
T1 (x, , X2 , Xs . Xp]) = [X , + 2x 3

,

-X, + 2x2- x4 ,
x2-x3 +Xp ,

X
, +Xx)

T(2) : T([ 1
,

0
,

0
. 03) = [ 1 ,1

,
0

, 1] ↓ ↓ ↓ ↓

Tie) = T(20 , 1 . 0 . 07) : 10 ,
2

,
1

, 0) :Af I↑ (s) : T([0 ,
0 , 1

, 03) : [2 ,
0 .1

, 07

↑(4) : T([0 ,
0 .

0 . 13) : So , -1 , 1
, 17



eX: I T

given T : IR"-> IR3 : linear trans · T((+ . 2]) = [ 2 . 1 . 03
,
T123 .

-53) = 25 ,
-17 . 17

& find the s. m .r. of T.

= T
,
V : linear indep: [ ,

01 : basis for IR"
↑

find Til ,
Titl & I T([3 . 6) (

sol

·(i) = e =5 + 2 = I e
- I =>I 53) f5[
en

&/ !;? ) = 2 = si + i

Tei) : TISM + zV) = 5TIM) + 2 T(E) = 5 [- 2 , 1 . 07 + 2 [5 ,
- 7 . 17 = [0 .9 . 2)

↑

(i) : T(3n + i) = 3T(n) + T(v) = 3 [-2 , 1 . 07 + [5
,
-7 . 1 = E .

- 4
. 1)

A =[] =[in Al] : [] T((35) = ES ,51 , 12)I





Def
.

T : IR"-1R" linear trans ·
A : s. m . r

.

of TIR" : domain
,

IRm : codomain
I

"col(A)rangeorangeransecta
· rank (T) = dim (range(TI)

"rank(A)

Thm

T : IR"-1R" linear trans ·
A : s. m . r

.

of T

1
. range (T) = cl(A)

2 Ker (T) = null (A)

3. n = dim(col(Al) + dim (null (Al)

= dim (range(T)) + dim (Ker(T/)

= rank (T) + dim (ker(T))



Thm (Composition Thm)

T

: IR"-> IRM
,
T2 : /R

*-IR"
,

Tr . Tz : linear trans

mxn PXm

A : s.
m . r.

of T1
, A2 : S . m . r.

of I

= GD T2o T1: linear trans
pxn pxm mxn

& Ts : TzoTi ,
Asis . m . r.

of Ts -As : AzA ,

p.

f. TzoTi = Ts
P

IR" Th
> /RM Tn

,PRP
1ph TzoTi = Ts

> IR

Y A ,x A

XI ~ AsX =ArA
Y >Az

> AzA , Y (
-

PXH

! >A ,xi <AzA ,
Y

XI > (TcoTi) (*) = Tr(Ti(XI)
(2)



D Vi , VEIR",EIR

·TcoTi (u + Y) = Tc (T, (n + il) = Tz(T, (G) + Ti (i)(

= Th (T, (n)) + TnITi ITI) = TroT, In) + ToTiCY)

· TzoT, (VU) = TrCTi(Ul) = Tz (UTIChl)
= UTz(Ti(n)) = U TroT, (n) :

. TeoT,: linear trans

② claim

VueIR"
,
Ast = ToTi(h) : TuCTiCul : Tz(AIM) = ArAin = As : AzAi

p.
f

. of claim :

121 pick in=, =)
As = 1st column of As

Il

AzAie: 1st column of A2 A,

(b) pick i: i =
As: ith column of As

Il

AzAie: ith column of A2 A,

) pick i :, er ,
Es
,.., En => all column of As : all column of ArA,



Def
.

1
. identity transformation [ : IR"-IR"

if XYER"
,
[Cx) : *

2. T : linear trans ↑T (y1 = Y (F · T = 1)

&if E F : linear trans sit . ToF(x) =* (ToF = I

then call F : inverse of T
,
Denote T

and T : invertible

Thm

T : IR"-> IR" : linear trans ,
A : S. m . r.

T

then
T: invertibles iff A : invertible-

& T : linear trans ,
A : s

. m . r.
of T

+



p.f .

Dil Assume A : invertible => At : exist
,
let S : map st. SY) = A+* = S : linear trans

SoT(x) : S(T(X1) = S(AY) = A AX : *
=> T : invertible & S : T

ToS(Y) : TISly1) = TCAY) = AAy = Y

(ii) Assume T : invertible
,
T" : exists , prove +t : linear trans.

ToT"( +y) : TCT"( +y1) = X + Y* im(x
+ y)) = T(T(x) + + (Y)

S
T(( + T(y) :T(T +

TintI I

↑
"
( +Y) = T"(I +y1)) : T"(TDT1 ++

" (Y(D) = +" (x) + T"(Y)

: T" (x + j) : TY(x) + T"(y)

T" (UX) = UT" (* ) (E)
J Tt : linear trans



let B : s
.
m . r

.

ofT+

ABX = AT" (*) = T(T"(1) = Y

=> AB = I ( : A : invertible

BAX = BTH1 : TCTE1
:*.: . B = At

= BA = I


