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1. Find a Jordan canonical form for A, where (A − 3I) has nullity 2, (A − 3I)2 has nullity 3,
(A − 3I)3 has nullity 4, (A − 3I)k has nullity 5 for k ≥ 4; (A + I)K has nullity 1 for k ≥ 1;
(A− 2I) has nullity 2, (A− 2I)2 has nullity 4 for k ≥ 2.

Solution：
Answer:
(A− 3I) has nullity 2,
(A− 3I)2 has nullity 3,
(A− 3I)3 has nullity 4,
(A− 3I)k has nullity 5 for k ≥ 4

⇒ (A− 3I) : e⃗1 → 0⃗

e⃗5 → e⃗4 → e⃗3 → e⃗2 → 0⃗

(A+ I)K has nullity 1 for k ≥ 1 ⇒ (A+ I) : e⃗6 → 0⃗

(A− 2I) has nullity 2,
(A− 2I)2 has nullity 4 for k ≥ 2

⇒ (A− 2I) : e⃗8 → e⃗7 → 0⃗

e⃗9 → e⃗10 → 0⃗

3

3 1 0 0
0 3 1 0
0 0 3 1
0 0 0 3

0
−1

0 2 1
0 2

2 1
0 2
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2. Find a Jordan canonical form and a Jordan basis for the given matrix.

A =


2 6 0 0 0
0 2 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 1 0 −1



Solution：
The characteristic poly is (2− λ)2(−1− λ)3, then the eigenvalue are 2 and -1.

rref(A− 2I) =


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

 , null(A− 2I) = sp(


1
0
0
0
0

)

rref((A− 2I)2) =


0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 , null((A− 2I)2) = sp(


1
0
0
0
0

 ,


0
1
0
0
0

)

rref(A+ I) =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

 , null(A+ I) = sp(


0
0
0
1
0

 ,


0
0
0
0
1

)

rref((A+ I)2) =


1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , null((A+ I)2) = sp(


0
0
0
1
0

 ,


0
0
0
0
1

 ,


0
0
1
0
0

)

(A− 2I) : b⃗2 → b⃗1 → 0⃗ , (A+ I) : b⃗4 → b⃗3 → 0⃗

b⃗5 → 0⃗

Pick b⃗2 =


0
1
0
0
0

, then b⃗1 = (A− 2I )⃗b2 =


6
0
0
0
0

.
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Pick b⃗4 =


0
0
1
0
0

, then b⃗3 = (A+ I )⃗b4 =


0
0
0
0
1

. Thus b⃗5 =


0
0
0
1
0



C =

 | | | | |
b⃗1 b⃗2 b⃗3 b⃗4 b⃗5
| | | | |

 =


6 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

 , J =


2 1 0 0 0
0 2 0 0 0
0 0 −1 1 0
0 0 0 −1 0
0 0 0 0 −1


We have

C−1AC = J
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