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1. (10 points) Find the projection matrix P for the plane W : 3z 4+ 2y + z = 0 in R? and the find the projection gw
of b=[4,2,-1] on it.

11 5 —6 -3
Answer: by, = 5 | -2| ,P= {4 |-6 10 -2
—29 -3 —2 13

From 6-4

2. (10 points) Find the lease squares straight line fit to the four points (0,1) (1,3) (2,4) (3,4) and use it to approx-
imate the fifth points (4, a).

t

Answer: the line equation = 1.5+ , a= 5.

From 6-5
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1 -2 1 -1 1 -1 1
3. (5 points) Find the coordinate vector of in M, relative to 0 , 0 , , 0
3 4 1 0 0 0 0 3 0 1
Answer: [3, 5, 1, 1]
From 7-1

4. (10 points) Find the five fifth roots of —243i. (need not simplify)

2 2k
3 [cos <37r + kﬂ) + ¢ sin (37r + kﬂ)} , k=0,1,2,3,4

10 5 10 5

From 9-1
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5. (10 points) Find the matrix representations Rp g, Rp/ p- and an invertible C' such that Rp/ pr = C’_lRB’BC

for the given linear transformation 7T
T : R? — R3 defined as reflection of R? through the plane z+y—2 = 0; B = E, B’ = ([1,0,1],[1,-1,0], [1,1, —1]).

1 1 2 1 1 1 1 0 O 1 -2 2
Cgp = % 1 -2 —1|,Cgp= 1|0 -1 1|,Rpp=1|0 1 0 and Rgp= % -2 1 2
1 1 -1 1 0 -1 0 0 -1 2 2

Is CZCBB/ or CB'B? CB/]_; .

From 7-2
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6. (5 points) Express (v/3 + )% in the form a + bi for a,b are real numbers.
Answer: a= —64 , b= 0
From 9-1

7. (10 points) Using the Gram-Schmidt process to transform the basis {[1,4, 1 —¢], [14+4%,1—¢, 1]} into an orthogonal

basis and then extend it as an orthogonal basis for C3.

Answer: the found orthogonal basis for C3 is {[1,4,1 — ], [3 + 3i,5 — 5i,2], [~12i,4,8 + 8i]}

From 9-2
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8. (10 points) Find an unitary matrix U and a diagonal matrix D such that D = U~ AU. Also find where

1 —i 0
A=1|7 1 0
0 0 2
From 9-3
0 0 O 1 i —1 0
D=0 2 0|, U=—]1 0
0 0 2 V2 0 0 V2
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9. (10 points) Find a Jordan canonical form and a Jordan basis for the given matrix.

i 0 0 0 0
0 i 0 0 0
00 2 0 0
00 0 2 0
2 0 -1 0 2
From 9-4
O 0 9—i 0 0 0
1 0 0 0 0
J= 1 , basis: {by = |0] ,bo=| 0 |.,bs=|0|,bs= |—1|.,b5= |0}
0 0 0 0 0 1
0 ) 1 0 0
Jby = iby,
Jby = ibs,
Jbs = 2bs,

,]54 = 264 + 53,
Jbs = 2bs
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10. (10 points) Find a polynomial in A that gives the zero matrix.

o

0
1

S O O O =
S O O =

O =
SO N O O O
N O O O O

From 9-4

(A—il)*>(A—21)!

11. (5 points) Prove or disprove the following: All 2 x 2 matrix with determinant 1 is an orthogonal matrix.

From 6-3 #b5

Let A=

1
11 , such that det(A) =1, but A is NOT orthogonal!
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12. (10 points) Find all the possible 2 x 2 real matrix that is unitarily diagonalizable.
From 9-3 #17
Answer:

b
Every 2x2 real matrix A can written as la d] . Since A is unitarily diagonalizable, A is normal, i.e. A*A = AA*.
c

a b ' a | B -a bl |la b
c d c e dl|e d
a@+cc ab+cd| [aa+bb ac+bd
ab+cd bb+dd ac+bd cc+ dd

*

ISR~

Hence: (notice that a,b, ¢, d are real.)

(1). a@ + cé = aa + bb => a® + ¢ = a® + b?

(2). @b+ ed = ac + bd = ab+ cd = ac + bd

(3). ab+ cd = a@c + bd = ab+ cd = ac + bd

(4). bb+dd = ce +dd = b* + d* = ¢ + d?

by (1) and (4), we have b = ¢ or b = —c. And (2)(3) holds for for both cases.
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13. (5 points) Prove that for @, 7 € C", (4*0)* = @*0 = 0*i = 0’ 0
From 9-2 #40
Answer:
Uy U1
u9 (%)
Letu=|  |,v=
u/n, ’UTL
U1
(%) n
s\ % - J— J— *
(@) = ([ul Uy ... un,] k= (E W;v;)
: i=1
Un
n
= E wv; (= W)
i=1
n
= E UiV
i=1
U1
(5
. - e
= {vl Uy ... 1),,} | (=00
Up
U1
V2 _
= {ul Uy ... un} | (=u'v)

Un
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b) Show that every unitary matrix is normal.

10 points) Prove the following:

¢) Show that, if A*

From 9-2 #43

Answer:

(a) Let H are Hermitian matrices, i.e. H*=H. HH* = HH = H*H.

-
(a) Show that every Hermitian matrix is normal.
(
(

—A, then A is normal.

(b) Let U are unitary matrices, i.e. U*U =1I,ie. U~t =U*. UU* = +U*U.
—AAx A= (—A)A=—-AA = A(—A) = AA*.

(c) If A* =

[EE— 4R MR BEARZESOLUTION, E38:
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