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1. (5 points) Find the value of x such that [x,−3, 5] is perpendicular to [−1, 3, 4]

Answer: x= 11

[−1, 3, 4] · [x,−3, 5] = −x− 9 + 40 = −x+ 11 = 0, x = 11

2. (10 points) Solve the given linear system and express the solution set.
x1 − x2 + x3 + x4 = 5

x2 − x3 + 2x4 = 8

x1 − 4x3 + 3x4 = 13

Answer: the solution set is



13
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0

0

+ r
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1 −1 1 1 5

0 1 −1 2 8

1 0 −4 3 13

 ∼

1 0 0 3 13

0 1 0 2 8

0 0 1 0 0


Let x4 = r, we get x3 = 0, x2 + 2r = 8, x1 + 3r = 13. Thus x1 = 13 − 3r, x2 = 8 − 2r, x3 = 0, x4 = r. Then
solution are 
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3. (10 points) Assume the the matrix A can be row reduces to H, please answer the following questions.

A =


0 1 0 0 3

1 0 −1 2 0

0 0 1 2 1

1 1 0 0 0

 ,H =


1 0 0 0 −3

0 1 0 0 3

0 0 1 0 −1

0 0 0 1 1


(a) the rank of matrix A, is 4 .

(b) a basis for the row space of A is [1, 0, 0, 0,-3], [0,1,0,0,3],[0,0,1,0,-1], [0, 0, 0, 1, 1] .

(c) a basis for the column space of A is
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(d) a basis for the nullspace of A is


3

−3

1

−1

1

 .

Let x5 = r, we get x4+r = 0, x3−r = 0, x2+3r = 0, x1−3r = 0. Thus x1 = 3r, x2 = −3r, x3 = r, x4 = −r, x5 = r.
Then homogeneous solution are 
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4. (5 points) If a 8 × 11 matrix A has rank 5, find the dimension of the column space of A, the dimension of the
nullspace of A, and the dimension of the row space of A.

[the dimension of the column space of A] = [the dimension of the row space of A] = [the rank of A] =5.

[the dimension of the nullspace of A] = [the number of columns in A] - [the rank of A] =11-5=6
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5. (10 points) Given set S = {[−2, 2, 3, 0], [1,−2, 1, 0], [−1, 0, 4, 0]} in R4.

(a) Determine whether the set S is linearly dependent or linearly independent. If it is linearly dependent, find
a basis for sp(S).
Answer: {[−2, 2, 3, 0], [1,−2, 1, 0]} .

(b) Enlarge the basis you found in part (a) to be a basis for R4.


−2 1 −1 1 0 0 0

2 −2 0 0 1 0 0

3 1 4 0 0 1 0

0 0 0 0 0 0 1

 ∼


1 0 1 0 1/8 1/4 0

0 1 1 0 −3/8 1/4 0

0 0 0 1 5/8 1/4 0

0 0 0 0 0 0 1


A basis for R4 is {[−2, 2, 3, 0], [1,−2, 1, 0], [1, 0, 0, 0], [0, 0, 0, 1]}
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6. (10 points) Let T : R3 → R3 be a linear transformation such that T ([1, 0, 0]) = [1, 2, 1], T ([0, 1, 0]) = [3, 0, 4], and
T ([1, 0, 1]) = [5, 4, 6].

(a) Find the standard matrix representation of T .

(b) Use the standard matrix representation to find a formula for T ([x1, x2, x3]).

(c) Find the kernel of T .

(d) Is the linear transformation T invertible? If so, find the standard matrix representation of T−1.



應數一線性代數 第一次期中考 - Page 6 of 8 2020/11/12

7. (10 points) (a) Compute the inverse of A and verify that you have the correct inverse.

A =

1 1 2

2 1 −2

3 1 0

 Answer: A−1 = {} .

(b) Use part (a) to solve 1 1 2

2 1 −2

3 1 0


x1

x2

x3

 =

12
1



8. (5 points) Determine if the set W = {(x, y, z) ∈ R3|z = 3x+ 2} is a subspace of R3
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9. (5 points) Circle True or False. Read each statement in original Greek before answering.

(a) True False If A is a 2× 3 matrix and B is a 2× 4 matrix, then AB is a 3× 4 matrix.

(b) True False Any six vectors in R4 must span R4.

(c) True False If T is a linear transformation, then T (0) = 0.

(d) True False No vector is its own additive inverse.

(e) True False If {v1, v2, ..., vn} generates V , then each v ∈ V is a unique linear combination of vectors
in this set.

10. (5 points) Let F bet he set of all real-valued functions on a (nonempty) set S; that is , let F be the set of all
functions mapping S into R. For f, g ∈ F , let the sum f ⊕ g of two functions f and g in F , and for any scalar
r, let scalar multiplication be defined below. Is this set a vector space?

(f ⊕ g)(x) = max{f(x), g(x)} for all x ∈ S

(rf)(x) = rf(x) for all x ∈ S

11. (5 points) The set of all functions f such that f(0) = 1 in the vector space F of all functions mapping R into R.
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12. (10 points) Let W1 and W2 be two subspace of Rn. Prove that their intersection W1 ∩W2 is also a subspace.

13. (10 points) Prove that the given relation holds for all vectors, matrices and scalars for which the expression are
defined.

(AB)T = BTAT
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