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1. (5 points) Find the value of x such that [x,−3, 5] is perpendicular to [−1, 3, 4]

Answer: x= 11

[−1, 3, 4] · [x,−3, 5] = −x− 9 + 40 = −x+ 11 = 0, x = 11

2. (10 points) Solve the given linear system and express the solution set.
x1 − x2 + x3 + x4 = 5

x2 − x3 + 2x4 = 8

x1 − 4x3 + 3x4 = 13

Answer: the solution set is



13

8

0

0

+ r


−3

−2

0

1


∣∣∣∣∣∣∣∣∣ r ∈ R


1 −1 1 1 5

0 1 −1 2 8

1 0 −4 3 13

 ∼

1 0 0 3 13

0 1 0 2 8

0 0 1 0 0


Let x4 = r, we get x3 = 0, x2 + 2r = 8, x1 + 3r = 13. Thus x1 = 13 − 3r, x2 = 8 − 2r, x3 = 0, x4 = r. Then
solution are 


13− 3r

8− 2r

0

r


∣∣∣∣∣∣∣∣∣ r ∈ R

 =



13

8

0

0

+ r


−3

−2

0

1


∣∣∣∣∣∣∣∣∣ r ∈ R


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3. (10 points) Assume the the matrix A can be row reduces to H, please answer the following questions.

A =


0 1 0 0 3

1 0 −1 2 0

0 0 1 2 1

1 1 0 0 0

 , H =


1 0 0 0 −3

0 1 0 0 3

0 0 1 0 −1

0 0 0 1 1


(a) the rank of matrix A, is 4 .

(b) a basis for the row space of A is [1, 0, 0, 0,-3], [0,1,0,0,3],[0,0,1,0,-1], [0, 0, 0, 1, 1] .

(c) a basis for the column space of A is


0

1

0

1

 ,


1

0

0

1

 ,


0

−1

1

0

 ,


0

2

2

0

 .

(d) a basis for the nullspace of A is


3

−3

1

−1

1

 .

Let x5 = r, we get x4+r = 0, x3−r = 0, x2+3r = 0, x1−3r = 0. Thus x1 = 3r, x2 = −3r, x3 = r, x4 = −r, x5 = r.
Then homogeneous solution are 


3r

−3r

r

−r

r



∣∣∣∣∣∣∣∣∣∣∣
r ∈ R


=


r


3

−3

1

−1

1



∣∣∣∣∣∣∣∣∣∣∣
r ∈ R



4. (5 points) If a 8 × 11 matrix A has rank 5, find the dimension of the column space of A, the dimension of the
nullspace of A, and the dimension of the row space of A.

[the dimension of the column space of A] = [the dimension of the row space of A] = [the rank of A] =5.

[the dimension of the nullspace of A] = [the number of columns in A] - [the rank of A] =11-5=6
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5. (10 points) Given set S = {[−2, 2, 3, 0], [1,−2, 1, 0], [−1, 0, 4, 0]} in R4.

(a) Determine whether the set S is linearly dependent or linearly independent. If it is linearly dependent, find
a basis for sp(S).
Answer: {[−2, 2, 3, 0], [1,−2, 1, 0]} .

(b) Enlarge the basis you found in part (a) to be a basis for R4.


−2 1 −1 1 0 0 0

2 −2 0 0 1 0 0

3 1 4 0 0 1 0

0 0 0 0 0 0 1

 ∼


1 0 1 0 1/8 1/4 0

0 1 1 0 −3/8 1/4 0

0 0 0 1 5/8 1/4 0

0 0 0 0 0 0 1


A basis for R4 is {[−2, 2, 3, 0], [1,−2, 1, 0], [1, 0, 0, 0], [0, 0, 0, 1]}
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6. (10 points) Let T : R3 → R3 be a linear transformation such that T ([1, 0, 0]) = [1, 2, 1], T ([0, 1, 0]) = [3, 0, 4], and
T ([1, 0, 1]) = [5, 4, 6].

(a) Find the standard matrix representation of T .

T ([0, 0, 1]) = T ([1, 0, 1])−T ([1, 0, 0]) = [5, 4, 6]−[1, 2, 1] = [4, 2, 5].

Thus the standard matrix representation of T is

1 3 4

2 0 2

1 4 5


(b) Use the standard matrix representation to find a formula for T ([x1, x2, x3]).

A

x1

x2

x3

 =

x1 + 3x2 + 4x3

2x1 + 2x3

x1 + 4x2 + 5x3

, T ([x1, x2, x3]) = [x1 + 3x2 + 4x3, 2x1 + 2x3, x1 + 4x2 + 5x3]

(c) Find the kernel of T .

To find the kernel of T , we solve the system Ax = 0.

The reduced row-echelon form Ã =

1 0 1

0 1 1

0 0 0

 .

Since the third column does not contain a pivot,x3 is a free variable, and we set x3 = r.
Then x1 = −r, x2 = −r, and x3 = r, so

ker(T ) = span


−1

−1

1




{
x1 + 2x3 = 0

x2 + x3 = 0
, hence, the kernel of T is


−2r

−r

r


∣∣∣∣∣∣∣ r ∈ R



(d) Is the linear transformation T invertible? If so, find the standard matrix representation of T−1.

Since the standard matrix representation of T is not invertible (not row equivalent to I3), T is not invertible
as well.
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7. (10 points) (a) Compute the inverse of A and verify that you have the correct inverse.

A =

1 1 2

2 1 −2

3 1 0

 Answer: A−1 =

−1
3

−1
3

2
3

1 1 −1
1
6

−1
3

1
6

 .

(b) Use part (a) to solve 1 1 2

2 1 −2

3 1 0


x1

x2

x3

 =

12
1


x1

x2

x3

 =

−1
3

−1
3

2
3

1 1 −1
1
6

−1
3

1
6


12
1

 =

−1
3

2
−1
3



8. (5 points) Determine if the set W = {(x, y, z) ∈ R3|z = 3x+ 2} is a subspace of R3.

Let u⃗ = [x, y, 3x+ 2], v⃗ = [a, b, 3a+ 2].
u⃗+ v⃗ = [x, y, 3x+ 2] + [a, b, 3a+ 2] = [x+ a, y + b, 3(x+ a) + 4] which is clearly not in W .
Hence W is not closed under vector addition. W is not a subpace of R3
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9. (5 points) Circle True or False. Read each statement in original Greek before answering.

(a) True False If A is a 2× 3 matrix and B is a 2× 4 matrix, then AB is a 3× 4 matrix.

(b) True False Any six vectors in R4 must span R4.

(c) True False If T is a linear transformation, then T (0) = 0.

(d) True False No vector is its own additive inverse.

(e) True False If {v1, v2, ..., vn} generates V , then each v ∈ V is a unique linear combination of vectors
in this set.

10. (5 points) Let F bet he set of all real-valued functions on a (nonempty) set S; that is , let F be the set of all
functions mapping S into R. For f, g ∈ F , let the sum f ⊕ g of two functions f and g in F , and for any scalar
r, let scalar multiplication be defined below. Is this set a vector space?

(f ⊕ g)(x) = max{f(x), g(x)} for all x ∈ S

(rf)(x) = rf(x) for all x ∈ S

Define (f ⊕ g) = max{f(x), g(x)}, for all x ∈ R and (rf)(x) = rf(x), for all x ∈ R.
Assume z(x) is the 0⃗, that is for all f(x), z(x) = f(x)⊕ (−f)(x) = max{f(x), (−f)(x)} = max{f(x),−f(x)}.
Let f(x) = 1, z(x) = f(x)⊕ (−f)(x) = max{1,−1} = 1.
However, by A3, z(x)⊕ (−f)(x) = (−f)(x) = −1 ̸= max{1,−1}.
Therefore, 0⃗ does not exists.

11. (5 points) Determine the following set is a subspace of the given vector space. The set of all functions f such
that f(0) = 1 in the vector space F of all functions mapping R into R.

Let f, g are two functions satisfies the assumption.
(f + g)(0) = f(0) + g(0) = 1 + 1 = 2 ̸= 1. Hence that is not a vector space.
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12. (10 points) Let W1 and W2 be two subspace of Rn. Prove that their intersection W1 ∩W2 is also a subspace.

Clearly W1 ∩W2 is nonempty; it contains 0.
Let v⃗, w⃗ ∈ (W1 ∩W2). Then v⃗, w⃗ ∈ W1 and v⃗, w⃗ ∈ W2, so v⃗ + w⃗ ∈ W1 and v⃗ + w⃗ ∈ W2 since W1 and W2 are
subspaces.
Thus v⃗+w⃗ ∈ (W1∩W2). Similarly, rv⃗ ∈ W1 and rv⃗ ∈ W2. Since W1 and W2 are subspaces. Thus rv⃗ ∈ (W1∩W2).
Thus W1 and W2 are subspaces. Thus W1 ∩W2 is a subspace of Rn

13. (10 points) Prove that the given relation holds for all vectors, matrices and scalars for which the expression are
defined.

(AB)T = BTAT

The (i, j)th entry of (AB)T is the (j, i)th entry in AB, which is

(jth row of A) · (ith column of B)

= (ith column of B) · (jth row of A)
= (ith row of BT ) · (jth column of AT )

which is the (i, j)th entry of BTAT . Since (AB)T and BTAT have the same size, they are equal.
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