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1. (5 points) Find the coordinate vector of 2® + 322 — 4z + 3 in P; relative to (2% — 2%, 2% — 2,0 — 1,23 + 1)

From 7-1

[—0.5,2.5,—1.5, 1.5]
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2. (5 points) Express (v/3i — 1)® in the form a + bi for a,b are real numbers. Find a, b.
From 9-1

i) = —128 — 128V/3i

3. (10 points) Find the six sixth roots of —8i. (need not simplify)
From 9-1

V2 (cos (45° + 60k°) + i sin (45° + 60k°)) or v2 ( cos EJrk—W + 4 sin erk'j , fori=0,1,2,3,4,5
4 3 4 3 ' T '

4. (10 points) Find a vector perpendicular to both [0,4,1 +i] and [1 + 1,1 —4,1] in C3.
From 9-2

[—2 — i, —2i,1+1]
5. (10 points) Find the matrix representations Rp g, Rp/ g and an invertible C such that Rp g = C_IRB,BC

for linear transformation T': Py — P» defined by T'(p(x)) = p(z+1) +p(x), B = (2%,2,1), B’ = (2 +1,2+1,2).
From 7-2

2 0 0 2 0 0 10 0 1 0 0
Rpp|2 2 O|,Rep=|2 2 0/,C=Cpp=10 1 0{,Cpp=/| 0 10
11 2 —0.5 05 2 11 2 05 —05 0.5

6. (10 points) Find an unitary matrix U and a diagonal matrix D such that D = U~' AU, where

3.0 —i
A=10 2 0
i 0 3
From 9-3
2.0 0 0 1 0130 —i]fo ¥ L
D=10 2 o|=U'AU=|-¥% 0 2 |]o 2 0o||1 0 0
00 4 —2i 0 2] i 0 3] |0 L2 2
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7. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A.

10 0 -1 0

01 0 0 0

A=10 0 2¢ 0 O

00 0 2¢ O

5 0 -1 0 2

From 9-4

1 0 0 0 O 0 1—-2 0 0 1
01 0 0 1 0 0 0 0
J=10 0 2¢ 1 0|,v1=1|0|, vp= 0 , Ug = |0|, U= |—1], U5 = 5
00 0 2 0 0 0 0 0 1—2
00 0 0 2 0 5 1 0 0
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8. (10 points) Answer the following question.

1. Find the eigenvalues of the given Matrix J.
2. Give the rank and nullity of (J — A\)* for each eigenvalue A of J and for every positive integer k.
3. Draw schemata of the strings of vectors in the standard basis arising from the Jordan blocks in J.

4. For each standard basis vector €}, express Jéj as a linear combination of vectors in the standard basis.
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From 9-4

LM=X==M==2, = =A== =1
2. (J — 2I) has rank 6 and nullity 3,

J — 2I)* has rank 4 and nullity 5, for k > 2,

J =)

—iI)? has rank 6 and nullity 3,

—4I)¥ has rank 5 and nullity 4 for k > 3,

I) has rank 7 and nullity 2,

~

3

(
(
(
(J

52 — 51 — 0 G s s E 0
‘ € e €5
3. The strings are: (J —2I):< & —e3—0 ,(J—il): { ’ 6 7
o eg — 0
eg — 0
L L Jes = ies
J@l :261, J€3:2€3, . . . . . . L
4. B L B L . . \Jé =ié+és,, {Jes = 2¢s, {JEy = i€y
Jéy =2ée + €1, |Jéy = 2éy+ é3,

J&r = i@y + &,

9. (5 points) Prove or disprove the following: For a square matrix A, we have det(A*) = det(A)
From 9-2 #33 (i)

v 0
0 1

A= , det(A) =i # det(A) = —i

10. (5 points) Prove or disprove the following: If U is unitary, the U also an unitary matrix.

From 9-2 #42

Let U is an unitary matrix, i.e. U*U = =UU*. (U)*U =U U =UTU =U*U = I = I. Similarly, U(U)* = I.

Hence U is a unitary matrix.
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11.

12.

(10 points) Find all the possible a, b, z € C such that matrix lz a] is unitarily diagonalizable.

z

From 9-3 #14

Jw_za]
b =z

a zZ||b =z

(10 points) Show that the n'" roots of z € C can be represented geometrically as n equally spaced points on the
circle 22 4+ y? = |z|%.

From 9-1 #26

|22+ b2 bz+az
bz+az  al® + |z|?

|22+ |a|> bz +az
bz+az  |b|? + |2)?

QW

b =z Z

M is unitarily diagonalizable if |a| = |b]

The n'" roots of z = r(cosf + isin ) are given by

0+ 2k 0+ 2k
r#(cos< i 7T) +isin( S 7T)), for k=0,1,2,...,n— 1.
n n

Since the points {% |k=0,1,2,....n — 1} divide the interval [0, 27] into n subintervals of equal width 27?
we see that the n'" roots of z are equally spaced points on the circle 22 + 32 = (r=)% = (¥/|z])2.



