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2 4 2
1. (5 points) Find all numbers 7 such that |1 r 3| is invertible.
11 2

Answer: r= R\ {0}
2 4 2

det(|1 r 3|)=4r+2+12—-2r —8—6=2r.
1 1 2

Therefore, determine equal to 0 only if r = 0.

2. (10 points) Let T : R?® — R? be a linear transformation such that 7'([1,0,0]) = [2,3,0],T([0,1,0]) = [-2,0,1],
and T([1,2,3]) = [4,15,2]. Find T-'([4,-3,2]) =
7([0,0,1]) = § (T([1,2,3]) = T([1,0,0]) — 27°([0,1,0])) = [2,4,0] Let A is the standard matrix representation of
T.

2 -2 2

A=13 0 4

0 1 0

The standard matrix representation of 77~! is A~}
2 -1 4
A=l 0 0 1
-15 1 =3
4

T71([4,-3,2) = (A7 |=3])T =[19,2, —15]
2
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3. (5 points) Classify ¥ =[4,1,2,1,6] and @ = [8,2,4,2, 3] are parallel, perpendicular, or neither.

Answer: ¥ and @ are neither

Since v - u # 0, it is NOT perpendicular.

4. (10 points) Find the homogeneous solution and general solution of the given linear system and express the

solution set.
1 + x3+bxry=—1

To + 2x3 + 624 = 3
xr1 — To +2x4 =3

Answer: the homogeneous solution is

The general solution is

1 0 1 5]-1 1 0 0 2

0O 1 2 6|3|~1(0 1 0 0]-11

1 -1 0 2| 3 0 0 1 3 7
Let x4 = r, we get 0 = —11, 23 +3r = 7,21 + 2r = —8. Thus x1 = -8 — 2r,20 = —1l,23 =7 — 3r,x4 = 1.

Then solution are

_8_ 92 8 )
1 11 0
eRY = . reR
7—30 || 7 T sl |

r 0 1
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5. (10 points) Assume the the matrix A can be row reduces to H, please answer the following questions.

5 1 0 3 -3 5 0 0 5 0
e 1 0 -1 1 8 H= 0 2 0 -4 -6
03 1 -6 1 0O 0o -1 0 =2
11 0 -1 7 0 0 O 0 0
(a) the rank of matrix A, is 3
(b) a basis for the row space of A is [5, 0,0, 5, 0], [0, 2, 0, -4, -6],]0, 0, -1, 0, -2]
51 [1 0
. . 1 0 -1
(¢) a basis for the column space of A is ol 15l 1 1
1 1

-1 0

2 3
(d) a basis for the nullspace of A is 01,]|-2
1 0

0 1

Let x4 = r,x5 = s, we get —x3 — 25 = 0,209 —4r — 65 = 0,521 + 5r = 0. Thus 1 = —r,x9 = 2r + 35,13 =
—2s,x4 = 1,25 = s. Then homogeneous solution are

—r -1 0

2r 4+ 3s 2 3

—2s reRy=<r|0|+s|-2[|reR
r 1 0
s 0 1
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6. (5 points) Suppose that T is a linear transformation with standard matrix representation A, and that A is a
8 x 11 matrix such that the nullspace of A has dimension 6. What is the dimension of the range of T'?

Since the nullity of A is equal to 6, the rank of A is equal to 5. Thus the dimension of the range of T is 5.
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7. (10 points) Given set S = {[-2,3,1,0],[0,1,5,—-2],[1,—1,2,—1]} in R*.
(a) Determine whether the set .S is linearly dependent or linearly independent. If it is linearly dependent, find
a basis for sp(5).
Answer: {[-2,3,1,0],]0,1,5,-2],}

(b) Enlarge the basis you found in part (a) to be a basis for R%.
Answer: {[-2,3,1,0],[0,1,5,-2],[1,0,0,0],[0,1,0,0]}

-2 0 1 1.0 0 0 1 0 =05 0 0 1 2.5
3 1 -1 01 0 0 01 05 0 0 0 =05
1 5 2 0010l |00 o0 1 0 2 5

0 -2 -1.0 0 0 1 oo o0 01 -3 =7

8. (10 points) Determine if the set W = {(z,y,2) € R3|z = 2y + 2,y = 52} is a subspace of R3

If y = 5z, we have x = 2y + z = 11z. Let wy = (1121, 521, 21) and wy = (1129, 529, 22) be arbitrary vectors in W.
Then for any real number ¢, cwy = (11ez1,5¢z1,¢21) € W

wy +wy = (1121 + 1129,521 + 522,21 + 22) = (11(21 + 22),5(21 + 22), (21 + 22)) € W

So since W is closed under scalar multiplication and vector addition, W is a subspace of R?
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9. (5 points) Let F' bet he set of all real-valued functions on a (nonempty) set S; that is , let F' be the set of all
functions mapping S into R. For f,g € I, let the sum f @ g of two functions f and g in F, and for any scalar
r, let scalar multiplication be defined below. Is this set a vector space?

(feg)(x)= f(x)+3g(x) forallxz e S
(rf)(x)=rf(z) forallxz € S

Define (f @ g) = f(x) + 3g(z), for all z € R.
A2: (feg)=(g@ f) forall f,geF.
However, pick f(z) = z,g(z) = 6z, (f ® g) = f(2) + 3g(x) # 3f(z) + g(z) = (9 ® f).

Therefore, It is NOT a vector space.

10. (10 points) Let #; and ¥ be two vectors in R™. Prove that sp(¥h,¥h + ¥a) = sp(¥) — U2, U1 + T2)

Clearly, ’171 = % [(171 7/(72) + (l71 +l72)] and ’171 +172 =0- (171 - 172) +1- (Ul +L72) Hence ’171, ’171 +L72 € ép(Ul 7’[72, ’l71 +L72)
and therefore sp(vy, vy + ) C sp(v — U, Uy + Us).
1A1$O7 171 +772 =0- 171 +1- (171 +172) and 171 — 172 =1- 171 -1 (771 +172) Hence 771 — 172,771 +172 S Sp(ﬁl,ﬁl +772)
and therefore sp(vy — v, Uy + Ua) C sp(U, U1 + Ua).

Thus Sp(ﬁl — Uo, U1 + 172) = Sp(ﬁh U1 + 172)
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11. (10 points) Suppose that the vectors ¥, w, and & are mutually perpendicular (i.e. ¥ and @ are perpendicular, ¥
and & are perpendicular, and & and & are perpendicular). Use dot products to find ||¥ 4+ 3@ + 2] in terms of
the magnitudes (lengths) of @, 4, and #. Hint: Start by computing ||7' + 3w + 2Z||%.

|7+ 3@ + 2F||? = (¥ + 3w + 2%) - (T + 310 + 27)
=00+ 030+ T 28+ 30 - U+ 30 - 30 + 30 - 2F + 27 - U + 27 - 30 + 27 - 27 = ||0]|% + 9||||? + 4| 7|
Thus |7+ 3@ + 27| = /[|0]]2 + 9[|&]|* + 4[| %]

12. (10 points) Let A and C be matrices such that the product AC' is defined. Whether the column space of AC is
contained in the column space of A or C'?7 Explain your answer.

Answer: the column space of AC is contained in the column space of A

—

1. Let A be m X n matrix. Every vector in the column space of AC is of the form v = (AC)Z for some
Z € R". For every &, (CZ) € R". Then ¥ = A(CZ) which is the vector in the column space of A. Thus
colspace(AC) C colspace(A).

2. Let A be m x n matrix, C' be n x s matrix. Thus AC is m X s matrix.

Since the column vectors of AC' are belong to R™ and the column vectors of C' are belong to R™, the column

space of AC' can not be contained in the column space of C.
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