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x] = 3x1 — by
1. (10 points) (a) Solve the system
xh = 21wy

(b) Find the solution that satisfies the initial condition z1(0) = 2, 22(0) = 5.

(b) ri| _ 25e% — 23kqe3t
’ 9 5e?t

oS =1 2t . 3t
Answer: (a) [11] = [Okle ke

k1€2t

)

Follow 7N 5-3 example 3
Follow 109-2 midterm problem 1.
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2. (10 points) Let

9 -3 3
A=1-2 10 2
1 1 11

Find (if exists) an invertible matrix C and a diagonal matrix D such that D = C~'AC. Also,
find the eigenvalues of A

01 3 120 0
(1) Is A diagonalizable? YES! . If A diagonalizable, C= |1 0 2 [,D=|0 12 0].
11 -1 0 0 6

(2) The eigenvalue of A are 6,12. The eigenvalue of A are 6'% 1210,

Follow RN 5-2 example 3, 4 and Theorem 5.1
Follow 108-2 midterm problem 1.
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3. (10 points) Find the formula for the linear transformation 7' : R? — R? that reflects in the line
3z + 2y = 0.

Answer: T([z,y]) = 73 [bx + 2y, 122 — 5y

Follow RN 5-2 example 2
Follow 109-2 midterm problem 2.
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4. (10 points) Find all the possible a,b, ¢, d, z,y so that the matrix A is orthogonal.

a y 0
A= |2z 3y ¢
r b d
a Y 0
U1 = |2x| ,Uy = |3y ,U3 =
x b d

Since the matrix A is orthogonal, we have 0 = ¥} - Uy = ¥} - U3 = Uy - U3 and 1 = |t} ], |Ts], |U3] is
zero vector.

In the case of x = 0. Since 1 = ||, we have a = 1. Using 0 = ¢} - U = ay = y, we
have y = 0 and b = 1 (1 = |#h]). Thus ¢ = 1,d = 0. Therefore, we have one solution
la,b,c,d, z,y] =[1,1,1,0,0,0]

In the case of # # 0. By 0 = ¥ - U3, we have 2cx + dx = 0. Thus ¢: d =1: —2. Since 1 = |v3],

0 0
173: Cc :\:5—% 1
d -2
Y 2
SinceO:ﬁ'g-ﬁgandc:dzl:—2,3y:b:2:1.Thusb:%yandz_fg: 3y :% 6].
3y/2 3
152 15
Since[):ﬁl-ﬁg:2a—|—12x+3$,wehavea:157“”. Thus 77 = | 22 :iTim 4
T 2
ANSW ER :| Therefore, we have the solution:
a 1 y 0] 0] 0
1712235:0,172—31/:0,273—021
x 0 b 1_ | 0
or _ _
1 2
) 2“ +1 45 ) 3‘” +1 IR X
0= (20| = —= U = |3y | = — U3 = |e| = —=
7
x 240 2 b 3 _d V5 -2
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5. (10 points) Find the projection matrix P for the plane W : 2z — y 4+ 2z = 0 and then find the
projection of b= [3,2,1] on the plane.

5 2 —4
Answer: by = %[5./8,—1], P = é 2 8 2
—4 2 5

Follow 7N 6-4 example 3
Follow 109-2 midterm problem 4.
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6. (10 points) Let

Factor A in the form A = QR, where () is an orthogonal matrix and R is an upper-triangular
invertible matrix.

V3 V2 1 V2.0 0
Answer: Q:% 0 v2 —2|,R=|0 3 V3/3].
V3 V2 1 0 0 26

Follow sRZN 6-2 example 5.
Follow 109-2 midterm problem 6.
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7. (10 points) Find the lease squares straight line fit to the five points (-4, -2), (-2, 0), (0,1), (2,
4), (4, 5) and use it to approximate the fifth points (1, a).

Answer: the line equation = 0.9+ 1.6 , a= 2.5
Follow &rAN 6-5 example 1
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8. (10 points) Prove that, for every square matrix A all of whose eigenvalues are real, the product

of its eigenvalues is det(A)

Section 5-2, problem 17

If the characteristic polynomial of A is p(A) = |A — M|, then p(0) = |A| = det(A).

Also,
p()\) = (_1)”(/\ - )\1)()\ - )\2) T ()\ - /\n)

, SO

])(0) = (_1)271)\1/\2 R )\n = )\1)\2 te )\n = d(‘t(A)

9. (10 points) Show that the real eigenvalue of an orthogonal matrix must be equal to 1 or -1.
Hint: Think in terms of linear transformations.

Section 6-3, problem 27
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10. (10 points) Circle True or False and disprove the statement if it is FALSE. Read each state-
ment in original Greek before answering.
(a) True A square matrix is orthogonal if its column vectors are orthogonal.

1

Section 6-3, problem 19a. A =

] has orthogonal column vectors but A is not or-

thogonal.

(b) True Every invertible matrix is diagonalizable.

Section 5-2, problem 13f. Let A = . A is invertible but not diagonalizable.

0

(c) True The intersection of W and W+ is empty.
Section 6-1, problem 23h. The intersection of W and W+ is {0}

(d) True The least-square solution vector of AZ = b is the projection of b on the
column space of A.
Section 6-5, problem 21f. The least-square solution vector of A7 = b is the vector y such
that Ay is the projection of b on the column space of A.

(e) True If X is an eigenvalue of a matrix A, then X is an eigenvalue of A + ¢I for

all nonzero scalar c.

1 0
Section 5-1, problem 23g. Let A = [O 1] . 1 is an eigenvalue of a matrix A, but not an

eigenvalue of a matrix A 4+ 21 = [2 g]

5% , = NTHREARRR

Question: 1 2 3 4 5 6 7 8 9 10 | Total

Points: 10 10 10 10 10 10 10 10 10 10 100

Score:




