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1. (10 points) Given the coordinate vector g = | —3|. Please find the ¢ and v; when the ordered basis B and

-2

B’ for P, are
B= -z 2c+1, —x-5), B =(1, (1+), (1+x)?
15
Answer: 7 = 22% — 6z + 7 , U = -10
2
From 7-1
Method 1
=2 —2)+(-3)2r+ 1)+ (=2)(—x—5) =22 —6x +7=2(x +1)> = 10(x +1) + 15
15
U = |—10
2
Method 2
1 0 0 2 2
=Mpig=|-1 2 —1| |=-3| =|-6] = 22" —6x+7
0 1 —5||-2 7
~1
1 00 1 0 0 2 15
Up = Cpp'ip = Mp'Mpip= (2 1 0 -1 2 —1| |-3|=1]-10
1 1 1 0 1 —5||-2 2

2. (10 points) Express Z in the form a + bi, where a,b € R, if

z2=06—1%, w=2-3i

.z 15+16¢
Answer: Z = %
From 9-1
Method 1
1w 2+3
w |w]2  4+9
z . (2+3i) 15+ 16¢
_— = 67 f—
w 60Xy 13
Method 2

z_6—i _ (6-i)(2+3i) _ (6-i)(2+3i) _ 15+ 16i

w 2-3  (2-30)(243i) 449 13
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3. (10 points) Find the five fifth roots of —32. (need not simplify)

From 9-1
—32 = 25[cos(7) + i sin(r)]

P <Cos <”+52k7) +isin (W+52k7r>) fori=0,1,2,3,4

4. (10 points) Let A is an 3 x 3 complex matrix with det(A) = 2 + 5i. Please the value for det(iA4) and det(A*).
Answer: det(iA) = (1)3 x (2+5i) =5 —2i , det(A*) = 2+5i=2—5i

From 9-2, using the technique from Sec. 4-2.
A is an n x n, then det(aA) = a™ det(A) and det(A) = det(AT).

Moreover, the definition of the conjugate transpose is also requested. If A = [a;;], A* = A" = [a;;] = [a;i]
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5. (10 points) Find the matrix representations Rp g, Rp/ g and an invertible C' such that Rp g = C'_lRB,BC for
linear transformation T': Py — P defined by T'(p(x)) = p(x — 1) + 2p(z), B = (2%,z,1), B’ = (2® — 1,2 — 3,2).

2 0 0 1 0 0 6 0 0 30 0
Cpp=+3]0 2 0/,Cpp=|0 1 0|,Rpp=4+|-4 6 0|andRpp=|-2 3 0.

1 3 1 -1 -3 2 -5 —-1 6 1 -1 3
Is CZCB’B/ or OB’,B? CB’B

From 7-2

T =(x—-1)2+22% =32 —2241, T(z)=(—1)+2z=32—1, T(1) =14+2x1=3

Thus _ _
a 3 0 Of [a
T(|b])=1|-2 3 0| |b| =Rg |b
c 1 -1 3_ c c
We have _ _
3 0 0
RB,B:RBZREZ —2 3 0
1 -1 3]
By Cpp=Mp'Mp = Mg'Mp =1"'Mp = Mg,
1 0 0
C=Cpp=|0 1 0
-1 -3 2
—1
1 0 0 |2 00
Cpp =Chlg=10 1 0 =510 20
-1 -3 2 131

Since

0 3 0 0 1 0 0 1 6 0 O
of1-2 3 0 0 1 0= 3 -4 6 0
1 1 -1 3] (-1 =3 2 -5 -1 6
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6. (10 points) Use the process in Schur’s Lemma to find an unitary matrix U such that U1 AU = R is an upper
triangular.

From 9-3
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7. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A.

302 -1 0 0
030 0 00
4— (003 0 00
000 5 0 0
000 0 5 0
000 0 0 56l
From 9-4
3 1 0 0 0 0] M7 07 07 07 07 S
0300 0 0 0 0 1 0 0 .
o003 0 0 of __fop _ _1f o] - _[o] |0 0
oo 05 0 ol lol" 2= ol BT (o= |ol B~ o] %~ |3_5
000 0 5 0 0 0 0 ) 0 )
00 0 0 0 5 0] 0] o) o] | o
(A=30)7 =0, (A= 381)A% = %1, (A=3D)i =0, (A=5il)i =0, (A—5i)is = 0, (A= 5il)i = 0

8. (10 points) Prove or disprove the following;:
det(Cpp) =1 if and only if B = B’
From 7-1 #23 (h)

False!!

If B = {[1,0],]0,6]}, B’ = {[2,0],[0,3]}, then

-

det(CBB/) =1

2 0|
Cpp = Mz Mg =
BB B B [0 3]

O W=
W= O
|
1

—_
2 2,
Il
L — |

O NI
N O
1

0 6
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9. (10 points) Answer the following question.

1. Find the eigenvalues of the given Matrix J.
2. Give the rank and nullity of (J — A\)* for each eigenvalue A of J and for every positive integer k.
3. Draw schemata of the strings of vectors in the standard basis arising from the Jordan blocks in J.

4. For each standard basis vector €}, express Jéj as a linear combination of vectors in the standard basis.
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From 9-4

LAM=X=Xs=X=4, M3=N=XA=X=A\7=9i
2. (J — 4I) has rank 6 and nullity 3,

* has rank 5 and nullity 4, for k > 2,
J — 9¢I) has rank 7 and nullity 2,

J — 9iI)? has rank 5 and nullity 4,

J — 9iI)* has rank 4 and nullity 5 for k > 3,

(?2 — 51 —0 2 - Er = 0
€ e
3. The strings are: (J —4I) : s — 0, (J—9il): { . T
. €7 — €g — €5 — 0
eg — 0
o J& = 9iés
Jey = 4deq, . L .
Jey = 9iey + €3
Jéo = 4ey + €1,
4 , Jés = 9ies
Jeég = 4eg ~ ~
Jeg = 9ieg + €5,
Jéy = 4ey ~ .
Jer = 9ie; + €,

10. (10 points) Prove or disprove whether every unitarily diagonalizable matrix is Hermitian.
From 9-3, Theorem 9.7.
A square matrix A is unitarily diagonalizable if and only if it is a normal matrix.

Therefore, just build a normal matrix which is not a Hermitian matrix as the counterexample.
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11. (10 points) Find all a € C, b € R such that the following matrix is unitary diagonalizable.
a -2
bi 1—1

a —21
bi 1—1

From 9-3 Let
A=

A is unitary diagonalizable if and only if A is normal.

AN — a’ —22. a‘ —bz’ A a‘ —b’L' a. —22‘

bi 1—1e| (20 1—14 2t 1—d| |bi 1—1

ai+4  —abi+2-2| | aa+0®  —2ai—bi—b
abi+ 2+ 2i b’ +2  [2ai+bi—b 6

A is unitary diagonalizable if and only if

b? =4
2ai +bi —b=7abi + 2+ 2i
From b*> = 4 and b € R, we can have b = +2.
Let a = x + y1, x,y € R, we can rewrite the second equation as
(x—yi)bi+2+20=2(x+yi)i+bi—0b
(b+2)(y+1) =ib—2)(z+1)
Therefore, A is unitary diagonalizable if and only if the following 2 conditions:

1. b=2, y=-1 ie.b=2, a=x—1i, x €R
2. b=-2,z=—-1 ie.b=-2, a=—-1+yi, yeR

Question: 1 2 3 4 5 6 7 8 9 10 11 Total

Points: 10 10 10 10 10 10 10 10 10 10 10 110

Score:




