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• 注意事先準備充足的紙張。考試途中不能向外求助更多的計算紙。
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1. (10 points) Given the coordinate vector #„v B =

 2

−3

−2

. Please find the v⃗ and #„v ′
B when the ordered basis B and

B′ for P2 are
B = (x2 − x, 2x+ 1, − x− 5), B′ = (1, (1 + x), (1 + x)2)

Answer: v⃗ = 2x2 − 6x+ 7 , #„v ′
B =

 15

−10

2


From 7-1

Method 1

#„v = 2(x2 − x) + (−3)(2x+ 1) + (−2)(−x− 5) = 2x2 − 6x+ 7 = 2(x+ 1)2 − 10(x+ 1) + 15

#„v B′ =

 15

−10

2


Method 2

v⃗ = MB v⃗B =

 1 0 0

−1 2 −1

0 1 −5


 2

−3

−2

 =

 2

−6

7

 ⇒ 2x2 − 6x+ 7

v⃗B′ = CBB′ v⃗B = M−1
B′ MB v⃗B =

1 0 0

2 1 0

1 1 1


−1  1 0 0

−1 2 −1

0 1 −5


 2

−3

−2

 =

 15

−10

2


2. (10 points) Express z

w in the form a+ bi, where a, b ∈ R, if

z = 6− i, w = 2− 3i

Answer: z
w = 15+16i

13

From 9-1

Method 1
1

w
=

w

|w|2
=

2 + 3i

4 + 9

z

w
= (6− i)× (2 + 3i)

4 + 9
=

15 + 16i

13

Method 2
z

w
=

6− i

2− 3i
=

(6− i)(2 + 3i)

(2− 3i)(2 + 3i)
=

(6− i)(2 + 3i)

4 + 9
=

15 + 16i

13
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3. (10 points) Find the five fifth roots of −32. (need not simplify)

From 9-1

−32 = 25[cos(π) + i sin(π)]

2

(
cos

(
π + 2kπ

5

)
+ i sin

(
π + 2kπ

5

))
, for i = 0, 1, 2, 3, 4

4. (10 points) Let A is an 3× 3 complex matrix with det(A) = 2 + 5i. Please the value for det(iA) and det(A∗).

Answer: det(iA) = (i)3 × (2 + 5i) = 5− 2i , det(A∗) = 2 + 5i = 2− 5i

From 9-2, using the technique from Sec. 4-2.

A is an n× n, then det(aA) = an det(A) and det(A) = det(AT ).

Moreover, the definition of the conjugate transpose is also requested. If A = [aij ], A∗ = A
T
= [aji] = [aji]
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5. (10 points) Find the matrix representations RB,B , RB′,B′ and an invertible C such that RB′,B′ = C−1RB,BC for
linear transformation T : P2 → P2 defined by T (p(x)) = p(x− 1) + 2p(x), B = (x2, x, 1), B′ = (x2 − 1, x− 3, 2).

CB,B′= 1
2

2 0 0

0 2 0

1 3 1

, CB′,B=

 1 0 0

0 1 0

−1 −3 2

 , RB′,B′= 1
2

 6 0 0

−4 6 0

−5 −1 6

 and RB,B=

 3 0 0

−2 3 0

1 −1 3

.

Is C=CB,B′ or CB′,B? CB′B .

From 7-2

T (x2) = (x− 1)2 + 2x2 = 3x2 − 2x+ 1, T (x) = (x− 1) + 2x = 3x− 1, T (1) = 1 + 2× 1 = 3

Thus

T (

ab
c

) =
 3 0 0

−2 3 0

1 −1 3


ab
c

 = RE

ab
c


We have

RB,B = RB = RE =

 3 0 0

−2 3 0

1 −1 3


By CB′,B = M−1

B MB′ = M−1
E MB′ = I−1MB′ = MB′ ,

C = CB′,B =

 1 0 0

0 1 0

−1 −3 2



CB,B′ = C−1
B′,B =

 1 0 0

0 1 0

−1 −3 2


−1

=
1

2

2 0 0

0 2 0

1 3 1


Since

RB′ = RB′,B′ = CB,B′RBCB′,B

RB′ =
1

2

2 0 0

0 2 0

1 3 1


 3 0 0

−2 3 0

1 −1 3


 1 0 0

0 1 0

−1 −3 2

 =
1

2

 6 0 0

−4 6 0

−5 −1 6


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6. (10 points) Use the process in Schur’s Lemma to find an unitary matrix U such that U−1AU = R is an upper
triangular.

A =

5 1 −20

0 1 3

0 2 −1


From 9-3
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7. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A.

A =



3 0 2 −1 0 0

0 3 0 0 0 0

0 0 3 0 0 0

0 0 0 5i 0 0

0 0 0 0 5i 0

0 0 0 0 0 5i


From 9-4

J =



3 1 0 0 0 0

0 3 0 0 0 0

0 0 3 0 0 0

0 0 0 5i 0 0

0 0 0 0 5i 0

0 0 0 0 0 5i


, v⃗1 =



2

0

0

0

0

0


, v⃗2 =



0

0

1

0

0

0


, v⃗3 =



0

1

0

0

0

0


, v⃗4 =



0

0

0

0

1

0


, v⃗5 =



0

0

0

0

0

1


, v⃗6 =



1

0

0

3− 5i

0

0


(A− 3I)v⃗1 = 0⃗, (A− 3I)Av⃗2 = v⃗1, (A− 3I)v⃗3 = 0⃗, (A− 5iI)v⃗4 = 0⃗, (A− 5iI)v⃗5 = 0⃗, (A− 5iI)v⃗6 = 0⃗

8. (10 points) Prove or disprove the following:

det(CBB′) = 1 if and only if B = B′

From 7-1 #23 (h)

False!!

If B = {[1, 0], [0, 6]}, B′ = {[2, 0], [0, 3]}, then

CBB′ = M−1
B′ MB =

[
2 0

0 3

]−1 [
1 0

0 6

]
=

[
1
2 0

0 1
3

][
1 0

0 6

]
=

[
1
2 0

0 2

]

det(CBB′) = 1
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9. (10 points) Answer the following question.

1. Find the eigenvalues of the given Matrix J .

2. Give the rank and nullity of (J − λ)k for each eigenvalue λ of J and for every positive integer k.

3. Draw schemata of the strings of vectors in the standard basis arising from the Jordan blocks in J .

4. For each standard basis vector e⃗k, express Je⃗k as a linear combination of vectors in the standard basis.



4 1 0 0 0 0 0 0 0

0 4 0 0 0 0 0 0 0

0 0 9i 1 0 0 0 0 0

0 0 0 9i 0 0 0 0 0

0 0 0 0 9i 1 0 0 0

0 0 0 0 0 9i 1 0 0

0 0 0 0 0 0 9i 0 0

0 0 0 0 0 0 0 4 0

0 0 0 0 0 0 0 0 4


= J =



4 1

0 4 0
9i 1

0 9i

9i 1 0

0 9i 1

0 0 9i

0 4

4


From 9-4

1. λ1 = λ2 = λ8 = λ9 = 4, λ3 = λ4 = λ5 = λ6 = λ7 = 9i

2. (J − 4I) has rank 6 and nullity 3,
(J − 4I)k has rank 5 and nullity 4, for k ≥ 2,
(J − 9iI) has rank 7 and nullity 2,
(J − 9iI)2 has rank 5 and nullity 4,
(J − 9iI)k has rank 4 and nullity 5 for k ≥ 3,

3. The strings are: (J − 4I) :


e⃗2 → e⃗1 → 0

e⃗8 → 0

e⃗9 → 0

, (J − 9iI) :

{
e⃗4 → e⃗3 → 0

e⃗7 → e⃗6 → e⃗5 → 0

4.


Je⃗1 = 4e⃗1,

Je⃗2 = 4e⃗2 + e⃗1,

Je⃗8 = 4e⃗8,

Je⃗9 = 4e⃗9,

,



Je⃗3 = 9ie⃗3

Je⃗4 = 9ie⃗4 + e⃗3,

Je⃗5 = 9ie⃗5

Je⃗6 = 9ie⃗6 + e⃗5,

Je⃗7 = 9ie⃗7 + e⃗6,

10. (10 points) Prove or disprove whether every unitarily diagonalizable matrix is Hermitian.

From 9-3, Theorem 9.7.

A square matrix A is unitarily diagonalizable if and only if it is a normal matrix.

Therefore, just build a normal matrix which is not a Hermitian matrix as the counterexample.
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11. (10 points) Find all a ∈ C, b ∈ R such that the following matrix is unitary diagonalizable.[
a −2i

bi 1− i

]

From 9-3 Let

A =

[
a −2i

bi 1− i

]

A is unitary diagonalizable if and only if A is normal.

AA∗ =

[
a −2i

bi 1− i

][
a −bi

2i 1− i

]
= A∗A =

[
a −bi

2i 1− i

][
a −2i

bi 1− i

]
[

aa+ 4 −abi+ 2− 2i

abi+ 2 + 2i b2 + 2

]
=

[
aa+ b2 −2ai− bi− b

2ai+ bi− b 6

]

A is unitary diagonalizable if and only if{
b2 = 4

2ai+ bi− b = abi+ 2 + 2i

From b2 = 4 and b ∈ R, we can have b = ±2.

Let a = x+ yi, x, y ∈ R, we can rewrite the second equation as

(x− yi)bi+ 2 + 2i = 2(x+ yi)i+ bi− b

(b+ 2)(y + 1) = i(b− 2)(x+ 1)

Therefore, A is unitary diagonalizable if and only if the following 2 conditions:{
1. b = 2, y = −1 i.e. b = 2, a = x− i, x ∈ R
2. b = −2, x = −1 i.e. b = −2, a = −1 + yi, y ∈ R

Question: 1 2 3 4 5 6 7 8 9 10 11 Total

Points: 10 10 10 10 10 10 10 10 10 10 10 110

Score:


