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1. (10 points) (a) Find the inverse of the matrix A, if it exists, and (b) express the inverse matrix as a product of
5 2
3 8
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Answer: (a) A1:314[ ]:[1@
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2. (10 points) Let T : R?® — R3 be a linear transformation such that T'([1,0,0]) = [2,4,0],T([0,1,0]) = [1,0, 3], and
T([2,1,3]) = [11,23,3]. Find T([4,-3,2]) = [9, 26, — 9]

Solution :
7([0,0,1]) = % (T'([1,2,3]) — 27°([1,0,0]) — T'([0,1,0])) = [2,5,0] Let A is the standard matrix representation of
T.

2 1 2
A=14 0 5
0 3 0

4

T([4,-3,2)) = (A |=3])" =19, 26, —9]
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3. (5 points) Find all possible scalar ¢ such that the vector i+ cf — 3k is in the span of i+ j —k and ;—&— 3k.
Answer: c= 1/3 .

Solution :
There’s integers a, b such that i + ¢j — 3k = a(i+7j — E) +b(j + 3k).
Therefore, a = 1 and (i 4+ ¢j — 3k) — (i + j — k) = b(j + 3k). Thus b= —2/3 and ¢ = 1/3

4. (5 points) Given two vectors ¢ = [4,2,2,1] and @ = [8,2,4,y]. Find all ,y € R so that

(a)

(b) ¥, 4 are perpendicular. x € R, y= —2z—40

,u are parallel. =1, y=2

<L

Solution :

(a) Since the first component of ¥ is 4 and the first component of @ is 8, we know that v, @ are parallel if 20 = .
Thus z =1,y = 2.

(b) It is fact that U, @ perpendicular if #'-@ = 0. Since U@ = 324 2x+ 8+, ¥, @ perpendicular if 40+ 2x+y = 0.

5. (b points) Suppose that T is a linear transformation with standard matrix representation A, and that A is a
9 x 15 matrix such that the nullspace of A has dimension 5.

(a) What is the dimension of the range of 77__ 10 .
(b) What is the dimension of the kernel of 77__ 5

Solution :

Since the nullity of A is equal to 5, the rank of A is equal to 15-5=10. Thus the dimension of the kernel of T is

5, and the dimension of the range of 7" is 10.



FEEL—ARIE BN E—RHAFZE - Page 4 of 8 2022/11/10

6. (10 points) Consider the given linear system:

xr1 — To + x4=1
xr1 —x3+2x4 =0
—To+ 23+ x4 =—6

1 -1 0 1] 1
(a) Write its associated augmented matrix. 10 -1 2] 0
0 -1 1 1|-6

0 1]-7/2

reR

1 -1 0 7
(b) Reduce the matrix to its reduced row-echelon form (rref). {0 1 -1 0] 5/2
1
1
(c) Find the homogeneous solution of the linear system . "
0

7 1
. . . 5/2 1
(d) Find the general solution of the linear system . 0 +r 1T eR
—7/2 0
Solution :
1 -1 0 1] 1 1 0 -1 0 7
1 0 -1 2/0|~01 -1 0] 5/2
0 -1 1 1|-6 00 0 1|-=7/2

Let 3 =71, we get 4y = —7/2,20 — 7 =5/2,21 —r=7. Thus a1 =7+ r,x0 =5/2+r,x3 =r,x4y = —7/2. Then

solution are

T+ 7 1

=4 =

52+ relR = 5/2 +7r ! reR
r 0 1

—7/2 —7/2 0

. (10 points) Determine if the line y = maz is a subspace of R2. Hint: Write the line as a set W = {[z, mz]|z € R}.
Solution :

1-6 #11
W = {[z,mz] | = € R} is nonempty since [0,0] € W.

1. Let [x1,mz1] and [z, mas] be in W.

[x1,mz1] + [x2, maa] = [21 + 2, mx1 + mas] = [(x1 + x2), m(z1 + x2)] €W

2. Let [z1,mx1] € W and r € R.

rlzy, mxy] = [rey, rmay] = [(rey), m(re,)] € W

Thus W is nonempty and closed under addition and scalar multiplication, so it is a subspace of R2.
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8. (10 points) Assume the the matrix A can be row reduces to H, please answer the following questions.

5 3 1 2 19 5 10 -1 0 5 3
A 1 1 1 0 3 -1 H = 01 2 0 -2 -4
0 2 4 -1 -4 -9 00 0 1 O 1
1 -1 -3 -4 7 3 00 0 0 0 O
(a) the rank of matrix A, is 3
(b) a basis for the row space of A is [5, 0,0, 5, 0], [0, 2, 0, -4, -6],]0, 0, -1, 0, -2]
51 [1] [o
. . 1 0 -1
(¢) a basis for the column space of A is ol 15l 1 1
1 [
[ 1] [—5] [—3]
-2 2 4
. . 1 0 0
(d) a basis for the nullspace of A is 0 ol 11
0 1 0
Lo LOoJ [1]

Solution :

Let xs =t x5 =r,x6 = s, weget 11 —t+5r+3s =0, x9+2t—2r—4s =0, x4+s=0. Thusz; =t—5r—3s,x5 =

—2t+2r +4s,x3 =t, x4y = —8,x5 = 1,25 = s. Then homogeneous solution are
[ t—5r—3s ] [ 1] [—5] [—3T]
—2t + 2r +4s -2 2 4
t 1 0 0
L t,r,seRpy =<t 0 +r 0 + s 1 t,r,seR
r 0 1 0
L S ] L 0 ] L 0 ] L 1]
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9. (5 points) Consider the set R?, with the addition defined by [z,y] ® [a,b] = [z + a + 1,y + b], and with scalar
multiplication defined by r ® [z,y] = [rz — 1,ry].

a. Is this set a vector space? _ No!
Hint: Show by verifying the closed under two operations, A1-A4 and S1-S4.

b. What is the zero vector in this vector space? Hint: The zero vector may NOT be the vector [0, 0].
Answer: the zero vector is , for any vectors [x,y], the -[x,y] is

Solution :

Assume the given set is a vector space, then the 0 and the additive inverse for [x,y] are
0=0®z,y]=[-1,0, —[r,y]=(-1) @ [r,y] = [~z ~1,~y]
Check the property A4:
[z, 9] ® (=[x, 9]) = [2,y] @ [~z — 1, —y] = o+ (—z — 1) + Ly + (—y)] = [0,0] # 0 = [-1,0]

Check the property S4:
1@ [z,y] = [z — 1,y] # [z,y]

Since the properties A4 and S4 are failed, the given set is NOT a vector space!
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10. (10 points) For vectors @, ¢ and @ in R™ and for scalars r and s, prove that, if @ is perpendicular to both @ and
i, then W is perpendicular to ru + sv.

Solution :
1-2 #44

We know that w is perpendicular to both @ and v, so W -4 =0 and @ - v = 0. Then

W (ri+sP) = - (rid) + 10 - (s7)

@ - @) + 5(@ - 7)

r(
r(0) +s(0) =0

Therefore 0 is perpendicular to ru + st/

11. (10 points) Prove that the given relation holds for all matrices for which the expressions are defined.

(AB)C = A(BC)

Solution :

1-3 #33
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12. (10 points) Circle each of the following True or False and then give a counterexample () for the false
statement.

1. True For all positive integers m and n, the nullity of an m x n matrix might be any number
from 0 to n.

Solution :

For any 3 x 8 matrix, it could never have the nullity equals 0.

2. True There are exactly two unit vectors perpendicular (H) to any given nonzero vectors in
R™.

Solution :

- =

For n =3, €1 = [1,0,0] is perpendicular to every vector in S = sp(és, €3) = sp([0, 1,0],[0,0, 1]).

3. True Every independent subset of R™ is a subsets of every basis for R".

Solution :
Let B = {€1,&,7 = [1,1,1]} and it is a basis for R2. S = {&,,é3} is an independent subsets of R?, but S is
NOT a subsets of B.

4. True Every vector spaces has at least two vectors.

Solution :

{0} with normal vector addition and normal scalar multiplication is a vector space with only one vector.

5. True Every function mapping R™ into R™ is a linear transformation.

Solution :
Let T : R? — R3 with T'([x,y]) = [cos(x) + v, 3x,6y]. T is NOT a linear transformation since T'(2[r,0]) #
2T ([, 0]).
Bk Y2 NTHRESABER
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