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1. (10 points) Find the area of the parallelogram(FF4TP#EH#2) in R* determined by the vectors [2,—3,5] and
[4, _57 1]

Answer: area = /812

Solution :

Let @ = [2,—3,5] and b = [4, =5, 1], then the area is [|@ x b]|.

ik
-3 5/ -l2 5| |2 -3

9 -3 5/=3i 2] Tk = [22,18,2]
5 1] 7|41 4 -5

4 -5 1

The length of [22,18,2] is v/812
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2. (10 points) Find the coordinate vector of the given vector relative to the indicated ordered basis.
723 + 322 — 22 + 3 in Pj relative to (22 + z, 2% + 22 — 1,23 + 2,222 + 1)

Answer: the coordinate vector is  [-15, 6, 1, 9]

Solution :

0 1 1 0|7 100 0|-15
1 0 0 2|3 01 00| 6
1 2 1 27 1o o1 0] 1
0 -1 0 3 000 1] 9
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3. (10 points) Let T : P» — Ps be defined by T'(p(z)) = (z — 2)p(z + 1), the ordered basis for P, is B = (22,2, 1)
and the ordered basis for Py is B’ = (23,22 2,1). Fine the standard matrix representation A of T relative to

the ordered bases B and B’.

1 0 0
1
Answer: (a) A = 0 0
-3 -1 1
-2 -2 =2
(b) T(—22% —4x+3) = 223 — 42> + 132 4+ 6

(c) The ker(T) = {0}

Solution :
T(®) = (x—2)(z+1)? =23z -2,
T(x)=(z—-2)(z+1)=2%—z—2,
T(l)=a-2
1 0 0 1 0 0
1 1
a=|" Crref(a)= [0
-3 -1 1 0 0 1
-2 -2 =2 0 0 O
0
By the rref(A) , we find the ker(T)p = {|0| }, i.e. ker(T) = {022 + 0z + 0 = 0}
0
-2
Let p(x) = =222 — 42 + 3, p(x)p = | —4
3
1 0 0 -2
o 1 ol 4
T = App = )
(p)B DB 3 -1 1 5 13
-2 -2 =2 6

T(p) = —22% — 42> + 132 + 6
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4. (10 points) Let V and V' be vector spaces with ordered bases B = ([1,3,-2],[4,1,2],[-1,1,0]) and B’ =
(1,0,1,0],[2,1,1,-1],[0,1,1,—1],[2,0, 3,1]), respectively, and let T : V — V' be the linear transformation
having the given matrix A as matrix representation relative to B, B’. For a vector ¥ such that vp = [1, —3,10],
find T'(7).

0 4 -1
11 2
A= ,
2 0 1
01 1
Answer: If o5 = [1,-3,10], then ¥ = [-21, 10, -8]
T(@) = [28,30,29, —23]
Solution :
1 ~1| [1 —21 |
=13 1 1| |=-3]=1]10
-2 0 10 -8 |
1 0 2] o 4 -1 . [ 28
0 1 0|1 1 2 5| = 30
1 1 N
312 0 1 0 29
0 -1 —1 1|0 1 |—23
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5. (10 points) Suppose that A is a 5 x 5 matrix with determinant 2.

(a) Find det(34) = 3° x 2 =486

(b) Find det(A~1) = 1/2

(c) Find det(7A=1) = 75/2 = 16807/2 = 8403.5

(d) Find det((74)T) = 7° x 2 = 33614

6. (10 points)

0 1
A=15 -1
1 0
1 2 2 -4 2 2 -4
The inverse of A = 6 -1 -1 5 , and the adjoint matrix of A = -1 -1 5
9 3 =15 9 3 =15

Solution :

det(A) = 6.
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7. (10 points) Let T : R? — R3 be the linear transformation defined by T'([z,y]) = [y, 2,z + y]. Find the volume
of the image under 7T of the disk 22 + y? < 16.

Answer: 1637 .

Solution :

The standard matrix representation of T is

0 1
A=11 0
1 1

0 1
det(ATA):det([(l) (1) ﬂ 10 ):det(F 1]):3
1 1

Let D = {(z,y) | #® +y? < 16}, which is a disk with radius 4. Therefore, the volume of D is 167 and the volume
of T(D) = \/det(AT A) - 16w = 16+/37.

-

8. (10 points) Show that @- (b x &) = (@ x b) -  for any vectors @, b and € in R3.

Solution :

See section 4-1 problem 59.
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9. (10 points) Circle each of the following True or False. Please give a counterexample () for the false statement

and give an explain (f232) for the true statement.

(a) False A linear transformation T': V' — V' carries a pair ¥, — @ in V into a pair ¢/, — ¢’ in V'

Solution :
Let v/ = T'(V)

True The product of a square matrix and its adjoint is the identity matrix.

Solution :
A-adj(A) =det(A) -1

False  There is no square matrix A such that det(ATA) = —1.
Solution :
det(AT A) = det(AT) det(A) = det(A)? # —1

True The determinant of 3 x 3 matrix is zero if the points in R3 given by the rows of the

matrix lie in a plane.

Solution :
A:(1,0,0), B=(0,1,0), C =(0,0,1) are lie in the plane  +y + z = 1.

However,

o O =
o = O
_ o O
Il
—_

True Let T : R® — R" be a linear transformation. The image under T" of an n-box in R™ of.

volume > 0 is a n-box in R™ of volume > 0
Solution :

T:R™ — R" with T(v) = 0 is a linear transformation. However, the image under T of any n-box is just 0,
which the volume is 0.

p.s. compare this statement in the section 4-4 problem 35(c), they are different.
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10. (10 points) (a) Determine the set Sy of all functions f such that f(0) =1 is a subspace in the vector space F' of
all functions mapping R into R.

Answer: Is S; a subspace of F'?7 _ NO

Solution :
Let f(x),g(x) € Sy, then (f @ ¢)(0) = f(0) +¢g(0) =1+ 1 =2 # 1. Therefore, f ® g ¢ S and S; is NOT a
subspace of F.

(b) Determine the set of all functions f such that f(1) = 0 is a subspace in the vector space F' of all functions
mapping R into R.

Answer: Is S a subspace of F'?7 _ Yes

Solution :
Let f(x),g(x) € Sy, then (f ®g)(1) = f(1)+¢g(1) =0+0=0. Thus, f B g € S and 5.
Let f(z) € Sy and r € R, then (r® f)(1)=r- f(1)=7r-0=0 Thus, r ® f € Ss.

Therefore S5 is a subspace of F.

Bk 2 UTHREASRE
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Score:




