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1. (10 points) Let

4 =2 1
A=|-2 7 =2
1 -2 4

Find (if exists) an invertible matrix C' and a diagonal matrix D such that D = C~tAC. Also,
find the eigenvalues of A,

(1) Is A diagonalizable? . If so, C= , Di=

If A is not diagonalizable, why?
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2. (10 points) Let

4 =2 1
A=|-2 7 =2
1 -2 4

Find (if exists) an orthogonal matrix C' and a diagonal matrix D such that D = C~tAC. Also,
find the eigenvalues of A0,

(1) Is A orthogonal diagonalizable? If so, C'= , D=

If A is not diagonalizable, why?

(2) The eigenvalue of A are The eigenvalue of A* are

(3) A¥ = . (REB1ER)
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T = 4dxy — 239 + T3
3. (5 points) Solve the system < zf, = —2x + Ty — 223

xh =11 — 2w + 43

Answer:
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4. (10 points) Let

1 1 —1
A=10 1 1
-1 1 1

Factor A in the form A = QR, where () is an orthogonal matrix and R is an upper-triangular

invertible matrix.

Answer: Q= . R=
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5. (15 points) (1) Find the projection matrix P that project vectors in R* on W = sp([1,0, —1],[1,1,1]).
(2) Given b = [3,2, 1], please find the projection by .
(3) If by = af1,0 — 1] + B[1,1,1], find «, 5.

Answer: P = , by = N B =
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6. (10 points) Find the formula for the linear transformation 7" : R? — R? that reflects in the line
Sr + Ty = 0.

Answer: T'([z,y]) =

7. (10 points) Find the least squares straight line fit to the five points (-3, 2.7), (-1, 3.5), (0,4),
(1, 4.5), (3, 5.3) and use it to approximate the fifth points (2, a).

Answer: the line equation = , a=
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8. (10 points) Circle True or False and then prove (88BB) or disprove (J2BX) it. Read each state-
ment in original Greek before answering. *** RE¥1§g > ;@B —1BA LR D ***

(a) True  False Ann xn symmetric matrix A is a projection matrix if and only if A? = I.

(b) True  False Every invertible matrix is diagonalizable.

(¢) True  False There is a unique polynomial fnction of degree k with graph passing

through any & points in R? having distinct first coordinates.

(d) True  False Every vector in a vector space V is an eigenvector of the identity trans-
formation of V into V.

(e) True  False Given W is a subspace of R™. If a vector @ belongs to both W and W+,
then @ = 0.
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9. (10 points) Show that the real eigenvalue of an orthogonal matrix must be equal to 1 or -1.

Hint: Think in terms of linear transformations.

10. (10 points) Let P be the projection matrix for k-dimensional subspace of R™. Please find all

eigenvalues of P and also find the algebraic multiplicity of each eigenvalues.
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11. (10 points) If A is an eigenvalue of an invertible matrix A with ¢'as a corresponding eigenvector,
please prove that A # 0 and 1/\ is an eigenvalue of A, again with ¢ as a corresponding

eigenvector.
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