FEH—FEE 2023 &, HiFRE @BE

R , W&

AREADAHEA 10 H (BEHE) > B 11 & - A RENRRE > BUZISHESAS -

EilZaH:

c BEF—RER-BELEREN  TEE8—BNRLHER > BRIJEHERERESE
4 o

o AEJEBBEERASER

- STEEFRLERERE  BEARE ?EF%/RZA%“BT’ D e
REBEFERRE  MERZERERTASFEImD

ELmiB T  BrAERCHEELRRER

SEIARGEN : HEBRE

B> —EEBZHEREREN - W MERMBAREEE -
7 RS RO - B EENE  FRRE -

FEEHCTEEHMEE » ZRFHERRAEIERE -



FEE —ARIECEL HAZRZ fEZ - Page 2 of 10 06,/15/2023
1. (10 points) Express = in the form a + bi, where a,b € R, if

z=—1414, w=3+4

Answer: £ = =0
w 25

Solution :

From 9-1.

2. (10 points) Find the five fifth roots of sin(30°) + i cos(30°). (need not simplify)

Solution :

From 9-1.

sin(30°) + i cos(30°) = cos(60°) + isin(60°) = cos(5) + isin(3).

Z 4+ 2k Z 4+ 2k
(cos<3 3 7r)—Fisim(‘3 3 7T>>,fori—(),1,273,4

3. (10 points) Let A is an 3 x 3 complex matrix with det(A) = 2+ 3i. Please the value for det(:A)
and det(A*).

Answer: det(1A) = #(2+3i)=3—-2i ,det(A*)=_2—3i ,det(A?)= (2+3i)>=—5+ 12

Solution :
From 9-2, using the technique from Sec. 4-2.

Ais an n x n, then det(aA) = a" det(A) and det(A) = det(AT).

Moreover, the definition of the conjugate transpose is also requested. If A = [a;;], A* = A=

[azi] = [ai]
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4. (10 points) Given the coordinate vector U5 = |—1|. Please find the ¥ and ¥’ when the
3

ordered basis B and B’ for P, are

B=(2*—a 20r+1, —x-5), B=(1, (2+2), (2+2)%

6
Answer: 0= 22° —Tx —16 | Uy = —15
2
Solution :
From 7-1
1 0 0 2 )
T=Mgig=|—-1 2 —1| |=1|=|-7| = 222—=72—-16
0 1 =5| |3 16
00 1] ' [1 o o][2 6
g = Cppiip = Mp'Mpig = |0 1 4 -1 2 —1| |=-1| = |-15
1 2 4 0 1 —-5| 1|3 2
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5. (10 points) Find the matrix representations Rp g, Rp p and an invertible C' such that Rp pr =
C~'Rp pC for linear transformation T : P, — P, defined by T(p(z)) = Lp(z — 1), B =
(22,2,1), B'= (2* — 1,2 — 3,2).
2 00 10 0 000
Cpp= 5|0 2 0| , Cpp= 0 1 0 , Rpp= 5|4 00 and
1 3 1 -1 -3 2 4 1 0
0 00
Rp p= 2 00 .
-2 1 0
Is CZCByB/ or CB/,B? CB/B .
Solution :
From 7-2
T(xQ)zi(x—1)2:2x—2 Tr)=—@x—-1)=1, T(1) = 4
dx ’ dx 7 dx
Thus ~
a 0 0 0| |a
T(|b[)=12 0 0| [b| =Rgp |b
c -2 1 0] [c c
We have )
0 00
PLB’B:RB:RE: 2 00
-2 1 0
By Cpp = My'Mp = My' Mg = 17" Mp = Mp,
1 0 0
C=Cpp=|0 1 0
-1 -3 2
-1
1 0 O ] 2 00
Cpp=Cgly=10 1 0| =210 20
-1 -3 2 1 31
Since
Rp = Rp p = CppRpChr B
2 00 0 00 1 0 0 000
Rp=—-10 2 0 2 00/]0 1 O0l==<1400
1 3 1 |-2 1 0] |-1 =3 2 4 10
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6. (10 points) Find an unitary matrix U and a diagonal matrix D such that D = U7'AU. Also

find where
2 0 1—2
A= 0 -3 0
1+7 O 1
—14i  1—i
-3 0 0 0 7
Answer: D = 0 00 , U= 1 0 0
2 1
0O 0 3 0 % 5
Solution :
From 9-3.
-3 0 0 0 =147 1—1
D=0 0 0,C= |1 0 0 | such that D = C~1AC.
0O 0 3 0 2 1

Since A is Hermitian matrix, it is unitarily diagonalizable.

0 -1+ 0 1—1 1—1 -1+
We also notice that< 1], 0 >:< 11,1 O >=< 0 |, 0 >:0
0 2 0 1 1 2

0 =Llbi 1=
V6 V3

U=1]1 0 0
0o = 1

V6 V3
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7. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A

S
I
oo o oW

Answer: Jordan canonical form = J =

S O O O N

S O O N Ot

S O NN = O

o O NN = O

o = O O

Jordan basis = [51 52 53 54 55 =10

0

Solution :

From 9-4. Quiz 16.
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8. (10 points) Find a polynomial in A that gives the zero matrix.

o o o o
— o o o o

Ne}
<
_ o O O O O

Ne)
<.

S
I
Co oo o0 oo o
©
~.

=N e e R R N
oo oo oo @ oo
oo o oo

o o o o

o o o

o o

=R e N e i e I e i o B ol o)
h O OO0 00 o0 oo

Answer: (A —40)*(A—-9I1)> =0 or (A—4D)*(A—-9I)° =0

9. (10 points) Prove that every 2 x 2 real matrix that is unitarily diagonalizable has one of the
following forms: a b , a b , for a,b,d € R.
b d| |-b a

Solution :

Section 9-3 problem 17.
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10. (30 points) Prove or disprove the following statement:

(a) every unitarily diagonalizable matrix is Hermitian.
Solution :
9-3 problem 19(d): False!
From 9-3, Theorem 9.7.
A square matrix A is unitarily diagonalizable if and only if it is a normal matrix.

Therefore, just build a normal matrix which is not a Hermitian matrix as the counterex-

ample.

(b) If U is unitary, then (U)~! = UT.
Solution :

9-2 problem 33(e): True!

(¢) every unitary matrix is normal.

Solution :
9-2 problem 43(b): True!
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(d) If A* = —A, then A is normal.

Solution :
9-2 problem 43(c): True!

(e) det(Cpp/) =1if and only if B = B'.
Solution :
From 7-1 problem 23 (h) : False!!

(f) If Cp p is an orthogonal matrix and B is an orthonormal basis, then B’ is an orthonormal

basis.

Solution :

7-1 problem 23(e): True!
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11. (10 points) Please give a n x n matrix (AF{ERE » (EFEEHA) such that

(a) is diagonalizable but NOT a normal matrix.

Solution :
9-3

(b) is diagonalizable but NOT unitarily diagonalizable.

Solution :
9-3

(c) is unitarily diagonalizable matrix but NOT Hermitian.

Solution :

9-3

(d) all eigenvalues of algebraic multiplicity 1 but NOT unitarily diagonalizable.

Solution :
9-3

(e) two diagonalizable matrices having the same eigenvectors but NOT similar.

Solution :

7-2

Question: | [l | B | B W | B B |0 8| 0| W | Tot

Points: 10 10 10 10 10 10 10 10 10 30 10 130

Score:




