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1. (10 points) (a) Find the inverse of the matrix A, if it exists, and (b) express the inverse matrix as a product of

elementary matrices. A = L 2]
3 5
-5 2 1 -2 1 0 1 0
. -1 _ -1 _ rZa —_
Answer: (a) A 5 11 (b)y A [0 ) ] * [0 1] * [3 1] (BEAME—)

2. (10 points) Let T': R?* — R? be a linear transformation such that T'([1,0,0]) = [2,4,0],T([1,1,0]) = [3,4, 3], and
T([1,2,3]) = [10,19,6]. Find T([4,-3,1]) = [7, 21, —9]

Solution :

7([0,1,0]) = T'([1,1,0] - [1,0,0]) = [1,0,3] and 7'([0,0, 1]) = % (T([1,2,3]) = T'([1,0,0]) = 27°([0, 1,0])) = [2,5,0].
Let A is the standard matrix representation of 7.

A—

S = N
w o =
S Ut N

T([4,-3,1) = (A |-3[)T =[7, 21, —9]
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3. (5 points) Given @ =[1,3,—1], ¥ = [-2,4,1] and ¥ = [13,—11,—38|.

Is @ € sp(W, 7)? (|[Ves|/No) .

If so, write @ in the linear combination of ¥ and @: @ =3u —5u

4. (5 points) Given two vectors ¢ = [3,z,—1,1] and @ = [6,2, —2,y]. Find all z,y € R so that

(a)

(b) ¥, 4 are perpendicular. x € R, y= —22— 20

<L

,u are parallel. =1, y=2

Solution :

(a) Since the first component of ¥ is 4 and the first component of @ is 8, we know that ¥, @ are parallel if 20 = .
Thus z =1,y = 2.

(b) It is fact that ¢, @ perpendicular if ¥-«@ = 0. Since U-4 = 18422+ 2+ y, ¥, ¥ perpendicular if 2042z +y = 0.

5. (5 points) Suppose that T is a linear transformation with standard matrix representation A, and that A is a
15 x 9 matrix such that the nullspace of A has dimension 3.

(a) What is the dimension of the range of T?_ 6
(b) What is the dimension of the kernel of T7__ 3

Solution :

Since the nullity of A is equal to 3, the rank of A is equal to 9-3=6. Thus the dimension of the kernel of 7" is 3,

and the dimension of the range of T is 6.
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6. (10 points) Consider the given linear system:
T — 229 + x4=1

xr1 —x3+2x4 =0

—2x9+x3+ x4 =—6

1 -2 0 1
(a) Write its associated augmented matrix. 1 0 -1 2|0
0 -2 1 —6

10 -1 0 7
(b) Reduce the matrix to its reduced row-echelon form (rref). 0 1 -1/2 0] 5/4
00 0 1|-=7/2

1
(¢) Find the homogeneous solution of the linear system . r 1{ 2 reR
0
7 1
(d) Find the general solution of the linear system . 5(/)4 +r 1{ 2 reR
—7/2 0

7. (10 points) Let a, b and ¢ be scalar such that abc # 0. Prove that the plane ax + by +cz = 0 is a subspace of R3.

Solution :

1-6 #12
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8. (10 points) Assume the the matrix A can be row reduces to H, please answer the following questions.

3 1 -3 8 3 7 10 -2 3 01
e -2 -1 1 -5 0 =3 H = 01 3 -1 01
1 3 7 9 13 00 0 0 11
2 5 11 1 -1 6 00 0 0 00O

(a) the rank of matrix A, is _ 3

(b) a basis for the row space of A is [1, 0, —2, 3, 0, 1], [0, 1, 3, —1, O, 1],[0, O, O, 1, 1]

3] [1] [3
. . 2 -1 0
(¢) a basis for the column space of A is 319
| 5 -1
[ 27 (=31 [—1]
-3 1 —1
. . 1 0 0
(d) a basis for the nullspace of A is 0 1 0
0 0 -1
L O J LOJ L1
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9. (10 points) Let ¢} and ¥y be two vectors in R™. Prove that sp(0y, v, + 02) = sp(0) — s, U1 + Ta).

Solution :

1.6 #45

Clearly, 171 = % [(171 7772) + (’_’1 +772)] and 771 +l72 =0- (31 — 772) +1- (171 +172) Hence 171, 171 +’172 € ép(Ul 71_)’2, ’171 +172)
and therefore sp(v, vy + o) C sp(v — U, Uy + U3).
1A1807 171 +L72 =0- 171 +1- (171 +L72) and 171 7172 =1 '”171 -1 (171 +172) Hence ”Ul 7”[72,’[71 +172 € ,Sp(ljl 7172,’[71 +’L72)
and therefore sp(U; — Ua, 01 + ) C sp(vh, U1 + Ua).

Thus sp(th — ¥, V1 + Ua2) = sp(U1, U1 + V)

10. (10 points) Prove that the given relation holds for all matrices for which the expressions are defined.

(AB)T = BT AT

Solution :

1-3 #32
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11. (15 points) Suppose the complete solution to the equation

2 2 1 0
AZ = 4| is = |0l +7r |1| +s |0
2 0 0 1
(a) The dimension of the row space of A = _ 1
1 -1 0
(b) What is the matrix A? Answer: A = 2 -2 0
1 -1 0

1
(¢) Find all possible b so that AZ = b can be solved. Answer: b= |2|, for r € R
1
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12. (5 points) Let A is an n X n matrix and AZ = b has solution for any be R™, then the nullity of Ais _ 0

13. (15 points) Let A is an m x n matrix of rank r. Suppose AT = b has no solution for some b € R™ and has infinity
many solution for some other be R™, then:

(a) Is it possible that the nullspace of A contains only the zero vector? ( Yes / ) , and why?

(b) Is it possible that the column space of A is all of R™? ( Yes / ) , and why?

(¢) Can there be a vector b € R” for which AZ = b has exactly one solution? ( Yes / ) , and why?
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14. (10 points) Circle each of the following True or False and then give a counterexample

statement.

1. True For all positive integers m and n, the nullity of an m x n matrix might be any number

from 0 to n.

Solution :

For any 3 x 8 matrix, it could never have the nullity equals 0.

2. True The magnitude of ¢ 4 w must be at least as large as the magnitude of either ¢ or w in

R™.

Solution :

Let ¥ =[1,0], & = [—1,0], then ||t + d|| =0 < 1 = ||7]| = |||

3. False  If T is a linear transformation, then T(@) =0.

Solution :

2-3 p.144, I LRBE |

4. True If A2=1, then A =+I.

Solution :

(1

5. True Every function mapping R™ into R™ is a linear transformation.

Solution :

Let T : R? — R3 with T'([x,y]) = [cos(x) + y, 3x,6y]. T is NOT a linear transformation since T'(2[r,0]) #

IR

(2 f5) for the false

2T (|7, 0]).
Bk 2 UTHREASRE
Question: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Total
Points: 10 10 5 5 5 10 10 10 10 10 15 5 15 10 130

Score:




