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1. (10 points) Let

X

Il
o o W
=R R
W = w

Is A orthogonal diagonalizable? ( Yes / ) .

why? No! the algebraic multiplicity of 2 is 2, but the geometric multiplicity is 1

Solution :

First, A is orthogonal diagonalizable = there exist D is diagonal matrix and C'is an orthogonal
matrix such that D = C~1AC.

1
The eigenvalues and eigenvectors of A are (2, [0|), (3,
0

—_ =
~—

Follow 37K 5-2 Theorem 5.4.

" the algebraic multiplicity of 2 is 2, but the geometric multiplicity is 1.
.. Ais NOT diagonalizable.

.. Ais NOT orthogonal diagonalizable.
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2. (10 points) Let

1 2 6
A=12 0 -4
6 -4 3

Is A orthogonal diagonalizable? ( / No) .

why?  Yes! A is symmetric!

Solution :

Method 1: Follow 3®ZN 6-3 Theorem 6.8
Method 2:

det(A — M) = —(X* — 4\% — 53\ + 124)

Let f(x) = #® — 42 — 53z + 124, f(0) = 124 > 0, £(6) = —122 < 0.
By BHIEREIER > f(z) B=HBRBERDBIE (—oo,0), (0,6), (6,00) WEMA -
EIR 5.3 AIAN A is diagonalizable.

EIE 6.7 BJ%0 symmtrix matrix A » HHEHY eigenvalue FTEIFERY eigenvector ;& orthogonal >
FTBA A 2 orthogonal diagonalizable.
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x) =4x) — 239 + 73

3. (10 points) Solve the system < z, = —2x; + 3z — 213

xh =11 — 2w + 43

T klet 1 -1 1 k‘let k’l(it - k263t + k‘3€7t
Answer: To| =C ko3| = |2 0 —1| |kee®| = | 2ki€! — kse™
T3 ]{3367t 1 1 1 ]{?367t klet + k263t + k367t

Solution :
Follow aRZN 5-3 example 3
Follow 109-2 midterm problem 1.

Q

I

o

|

—

T

I
o o ~
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4. (15 points) Use Gram-Schmidt process to find an orthonormal basis for the subspace W of R*
spanned by [1, 0, 1, 0], [1, 1, -1, 0], [1, 1, 0, 1] and then use it to find the QR~factorization of

A, where

1 1
A 0 1
1 -1 0
0 0 1
Answer
4 1 1
V2 V3 V42 1
0oL 2 V2o v?
Q= |, Y Y R= |0 V3
V2 V3 VA2 0o 0 ¥
0 0 L V6
V42
an orthonormal basis of W = %[1, 0,1,0], %[17 1,-1,0], \/%[—1,2, 1,6],
Solution :
Follow sRZN 6-2 example 5.
Follow 111-2 quiz 6.
Follow 109-2 midterm problem 6.
11 =1
1
: _ 2
Q=|1 % Y| R=|0 V3
V2 V3 VA2 0 0 ¥z
0 0 - V6
V42
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5. (10 points) Find the formula for the linear transformation 7' : R? — R? that reflects in the line
3 — Ty = 0.

Answer: T([z,y]) =  =[40x + 42y, 422 4 40y]

Solution :
Follow &RZN 5-2 example 2
Follow 109-2 midterm problem 2.

Let A is the s.m.r. of T'
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6. (10 points) Find the projection of [2, 4, 1] on the plane P: 2z —y — 2z =0

Answer: the projection =  £[22,34,5] | and the P+ = Sp(|:2 -1 —2})

Solution :
Let 7 = [2 -1 —2}, then Pt = sp(n).
Method 1
. b ) L L L
bpi = i = —2[2,—1,-2] = bp=b—bps. = ~[22,34,5]
n-n 9

Method 2 (i)
Since P is dim 2 subspace in R3, we know P = sp(dy, ds) fro any d;,ds € P and dy, do are not

1 1 11
paralleled. Pick a; = |0| and dy = [2|. Let A = [61 62] = |2 0[. Then the projection is
1 0 0 1

bp = A(ATA)TATh = %[22, 34,57

Method 2 (ii)

Since d;, @2, 7 is a basis for R?, and

11 2|2 1 0 0] 17/9 17 5 5
01 -2]1 0 1 1[-2/9
- 17 D 1 - -2 -2
bp = —a, + —dy = =(22,34,5], bpr = —n = —[2,—1,-2
P 90,1“‘9@2 9[ ) 7]7 pL 9n 9[7 ) ]
Method 3
Pick 1 = [1,0,1] from P, and let o = @1 x 7 = [L,4,~1]. Find ¢i = 3 = 5[1,0,1],
1 1
B V2 VI8
G =1 = \/Lrs[l,él,—l]. Let Q = [cj‘f qﬂ =10 \/Lrg . Then the projection is
1 -1
V2 VI8
22
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7. (10 points) Show that orthogonal matrices preserve the dot product of vectors. (i.e. (A7 Ay =

z-y).)

Solution :

Theorem 6.6 (1).

8. (10 points) Let A is an n x n invertible matrix and if A is an eigenvalue of A with U as a
corresponding eigenvector. Prove that (a) A # 0 and (b) 1/ is an eigenvalue of A~! with ¥ as

a corresponding eigenvector.

Solution :

Section 5-1 # 28, F_EFRBFER and Quiz 1 °
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9. (15 points) Circle True or False and then prove (F8BB) or disprove (/2BX) it. Read each state-
ment in original Greek before answering. *** HE¥§g > i@ Ammill—@AR4[ D ***

(a) True Every n x k matrix A has a factorization A = @R, where the column
vectors of () form an orthonormal set and R is an invertible k x k matrix.

Solution :

Section 6-2, problem 25g.

(b) True Every vector in a vector space V' is an eigenvector of the identity trans-
formation of V into V.
Solution :

Section 5-1, problem 23i

(c) False Given W is a subspace of R™. If a vector ¢ belongs to both W and W+,
then 7 = 0.
Solution :

LEREER
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10. (10 points) Let W be a subspace of R™ and let b be a vector in R™. Prove that there is one and
only one vector p'in W such that b— p is perpendicular(ZEH) to every vector in W.

Solution :
Assume there are two vectors pi, pa € W such that b— p1 and b— po are both perpendicular to

every vector in W . i.e. b— p1 and b— ps are both in W+,

For all vector v € W

0=0-(b—p)=0-b—T-p, . T-b=7-P
0=0-(b—po)=T-b—0-Pp.". T-b=10-]h

Note that W is a vector space and pi, g, € W , we will have 7, — p» € W= . Since p; — p» in
both W and W | we can easily checked that p; — p» = 0.

k! , A , MTHRSARERE
Question: EI E H H B H H E H @ Total
Points: 10 10 10 15 10 10 10 10 15 10 110

Score:




