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1. (10 points) Express = in the form a + bi, where a,b € R, if

z=—1414, w=55+4

—1+9i
41

Answer: £ =
w

Solution :

From 9-1. o2
w |wl?

2. (10 points) Find the five fifth roots of —sin(60°) — i cos(60°). (need not simplify)

— 2k — 2k
Answer: <cos (67T + ;) + ¢sin (67T + ;)) , for k=0,1,2,3,4, (BRAMHE—)

Solution :

From 9-1. —sin(60°) — i cos(30°) = — sin(g) - icos(g) = cos( )+ isin(——)
I I
cos(§) + isin(%)
3 R N R
- . - _ —bm
—sin(§) —icos(3) =
=57 =57
= + 2k =T + 2k
(COS <657r> + 7 sin <657r>> , for k=0,1,2,3,4

3. (10 points) Find an nonzero vector perpendicular to both [i,0,1 — ] and [1 +4,1 —i,1] in C3.

Answer:  [—2i, 2+, 1 —1i], (BARAHEE—)

Solution :

SRR
Ol .y
Erall

il =[=2i, 2414, 1—1]

e I

11—

_l_
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4. (10 points) (1) Find the projection matrix P that project vectors in R* on W = sp([—1,0, 1], [1, 1, —1]).
(2) Given b = [2,7,1], please find the projection by .
(3) If by = a[—1,0,1] + B[1,1, —1], find o, 5.

1 0 —1
Answer: P= L0 2 0| ,bw= L1,14-1 ,a= 13/2 ,f=_17
-1 0 1
Solution :
From 6-4.
-1 1
A=10 1 ,P:A(ATA)_IAT
1 -1

by = Pb
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5. (10 points) Find the least-square solution of the below system.

1 1 1 0
1 0 -2
1 -1 i R
T3
0 1 -1 1
.
Answer: The least-square solution = % 2
_3_
Solution :
From 6-5.
1 1
-1 1
A= 0
1 -1 0
0 1 -1

1 -1 1 0 S
= 7= (ATA)ATD 1 0 -1 1 =312
1 1 0 -1 -3
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6. (10 points) Let V' be a vector space with ordered bases B = {l;l, b, 53} and B = {5’1, 5'2, Eg} If

1 2 0
OB,B’ = 0 1 -2 s and 17:351—2524-53
-1 0 1
—1
Find the coordinate vector vp = —4
-2
Solution :
From 7-1.
3
17:3[)1—2b2+b3 = U= |-—-2
1
—1
1713/ == CB,B"BB = |—4
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. (10 points) Find the matrix representations Rp 5, Rp/ g and an invertible C' such that Rp p =
C~'Rp pC for linear transformation T : P, — P; defined by T(p(z)) = Lp(x + 1), B =
(22,2,1), B'= (2* — 1,2 — 3,2).

2 00 1 0 0 0O 0 0
Cpp= 510 20 , Cpp= 0 1 0 , Rp p= 2 0 0 and
1 3 1 -1 =3 2 4 1/2 0
000
Rp p= 2 00
210
Is C=Cpp or Cpp? Cpp .
Solution :
From 7-2
T(x?) d(+1) =27 +2, T() d(:c+1) 1, T(1) dl 0
7)) = T =2z = — = =—1=
dx ' dx ’ dx
Thus
a 0 0 0f |a
T({bl)=12 0 0| |b| =Rg |b
c 210 c &
We have
000
RB7B:RB:RE: 2 00
2 1 0

By Cpp = Mp'Mp = My'Mp = ["'Mp = Mg,

1 0 O
C=Cpp=|0 1 0
-1 =3 2
-1
1 0 O 1 2 00
Cpp =Cpg=10 1 0 =50 20
-1 =3 2 1 3 1
Since
Rp = RB/,B’ = CB,B'RBCB',B
1 2 0 0] (0 0 O 1 0 O 0O 0 O
RB/:§020 2000 1 0l=12 0 0
1 3 1|12 1 0 |—-1 -3 2 4 1/2 0
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8. (10 points) Find an unitary matrix U and a diagonal matrix D such that D = U7'AU. Also

find where
2 0 —-1+:
A= 0 -2
—1—2 0 1
1-i  —1+i
~2.0 0 0 L =i
Answer: D = 0 00 , U= 1 0 0
2 1
0 0 3 0 % 75
Solution :
From 9-3.
Since A is Hermitian matrix, it is unitarily diagonalizable.
0 11— —1+41
It is easy to find (=2, [1]), (0, 0 |), (3, 0 |) are three eigenvectors and its corre-
0 2 1

sponding eigenvalues.

0 1—1 0 -1+ -1+ 1—1
1. We also notice that< 11,1 O >:< 1], 0 >:< 0 , | 0 >=0
0 2 0 1 1 2

or 2. Since A is Hermitian matrix who has three different eigenvalues, the three eigenvectors

must be orthogonal to each other.

,_.
|
i
|
—
+
&

-

I

o = O
Sk o8l
o5
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9. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A

205 0 0
0210 0
A=10 0 2 0 —1
0002 1
0 00 0 2|
[2 1 0 0 0]
02100
Answer: Jordan canonical form = J=10 0 2 0 O ,
00020
0 0 0 0 2]
-5 0 0 1 0]
-1 0 000
Jordan basis = [51 by by by bs|=10 —1 0 0 0|, (FHE—)
0O 1 001
| 0 1 0 0

Solution :

From 9-4 and quiz 16.

rref(A—21) = , null(A —2I) = sp(éy, €, ey)

o O O o O
o O O o O
o O O O
o O O o O
o O O = O

rref((A — 2])2) = ,null((A — 2])2) = sp(€}, €a, €3, €y)

o O O O O
o O O o O
o O O o O
o O O o O
o O O O

rref((A—21)?) =

S

;null((A—21)*) =C°

(A=2I):by— by — by — 0
54—>6
55—>6

—

Notice that (by,bs) can be (&, 1), (€, &) or some other possibility, but not (¢;, &).
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10. (20 points) Match each matrix with its corresponding properties. Note that each matrix can

have multiple properties, and some properties may apply to more than one matrix.

Properties: (a) diagonalizable (b) orthogonal diagonalizable (c) unitarily diagonalizable (d)
symmetric (e) hermitian (f) normal (g) has reduced row-echelon form (h) has jordan canonical

form
2 1 -1

(i) 5 3 _02 =1 | Answer: (i) is a matrix: g
(5 -1 -2

(i) | 1 3 —2|. Answer: det(ii) = (2—\)(4 — A)(6 — \), not symmetric, not normal: agh
-1 -1 4
[ 1 1400

(i) {1—4 2 0|. Answer: (iii) is a hermitian and not symmetric: acefgh
0 0 3
1 2 6

(iv) [2 0 —4]|. Answer: (iv) is a real symmetric: abcdefgh
6 —4 3

Solution :

p.s. (iv) BREAFPZE _B—1E—1X ©

p.s.2. ZHMFHRIZEER T - IRGERIRD °

(a) (Thm 5.4) A is diagonalizable iff the a.m. = g.m. for each eigenvalue of A.

(b) (Def in p.354) A is orthogonal diagonalizable: 1. A is diagonalizable. 2. needs to check

the eigenspaces are orthogonal.

(1) (6.3 #24) If A is orthogonal diagonalizable then A is symmetric.
(¢) (Thm 9.7) A is unitarily diagonalizable iff A is normal.
(d) (Def 1.11) A is symmetric if AT = A.

(1) (Thm 6.8) If A is real symmetric then A is orthogonal diagonalizable.
(2) (9.3 #19(h)) If A is real symmetric then A is normal.

(e) (Def 9.4) A is hermitian if A* = A.
(1) (9.2 #43(a)) If A hermitian then A is normal.
(f) (Def 9.5) A is normal if AA* = A*A.
(g) (Def in p.63) A has reduced row-echelon form if A is a matrix.

(h) (Thm 9.9) A has jordan canonical form if A is a square matrix.
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11. (10 points) Please give the n x n matrices (REIERE » BT EIEH) such that

(a) is diagonalizable but NOT unitarily diagonalizable.

Solution :

9-3, using (Thm 9.7) A is unitarily diagonalizable iff A is normal.

(b) is unitarily diagonalizable matrix but NOT Hermitian.

Solution :

9-3 #19(d).

(c) all eigenvalues of algebraic multiplicity 1 but NOT unitarily diagonalizable.

Solution :
9-3 #19(j).

(d) two diagonalizable matrices having the same eigenvectors but NOT similar.

Solution :

7-2 #23(i).

(e) Provide two ordered basis B and B’ are not orthonormal bases, but Cp g/ is an orthogonal

matrix.
Solution :
7-1 #23(d).
5% iy , UTHREARIER
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