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1. (10 points) Find the coordinate vector of the given vector relative to the indicated ordered basis.

x4+t in P, relative to (1, (x 4+ 1), (x + 1)2, (z + 1)3, (z + 1)%).

Answer: the coordinate vector is [0, -3, 6, -4, 1]

Solution :
000 0 1|1 1 0 0 0 0] 0
0 001 4]0 01 00 0f-3
rref(]0 0 1 3 6[0/)=1]0 0 1 0 0| 6
01 2 3 4|1 00 0 1 —4
1 1 1 1 110 0 0 0O 1

2. (10 points) Find the area of the parallelogram(F4TP#E#2) in R3 determined by the vectors [2,—3,5] and
[3,—2,1]

Answer: area = /243 = 9/3

Solution :

Let @ = [2,—3,5] and b = [3, -2, 1], then the area is ||@ x b

ik
-3 5/ <2 5| -2 -3
_ _ 7 k =[7,13.5
] Al P el O R M B (R
3 -2 1
The length of [7,13,5] is v/243
By4—-14
Let
2 3
A= -3 =2
5 1
38 17
det(AT A) = det =24
et(474) e(L? 14]) E

The volume of the 2-box is 1/243.
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3. (10 points) Let T : P, — Ps be defined by T(p(z)) = (z — 2)p(z + 1), the ordered basis for P» is B =
(22 — x,2% + 2,1) and the ordered basis for P3 is B’ = (2,22, x,1). Fine the standard matrix representation A
of T relative to the ordered bases B and B’.

0
-1 1 0
-2 —4 1
0 -4 -2

Answer: (a) A

(b) Given p(z) so that p(x)p = [1,3,2], find p(z) = _42* + 22 +2 Jand T(p(z)) = 423+ 22% — 122 — 16

Solution :

Similar with 3-4 exaqmple 9.

T?—z)=(z-2)[(z+1)? - (2 +1)] =2 — 2* — 2z, T(x* —2)p = [1,—1,-2,0]
T2 +2z)=(x -2z +12+(x+1)] =23+ 22 — 4z — 4, T(x? +2)p = [1,1,—4, —4]
(1) =(z—-2)[1] = (z-2), T(1)p =1[0,0,1—2]
1 1 0
U = T
—2 -4 1
0 —4 —2
1 1 0 4
o1 ol |} 2
T 5= A = f—
(p@)p =Ap(@)p=| , 3 1
0 —4 -2 ~16
p(x)p =1[1,3,2],= p(x) = 1(z? — x) + 3(2* + 2) +2(1) = 42? + 22 + 2
4
T(p(z))p = 212 ;= T(p(x)) = 4% + 222 + (—12)x + (—16)1 = 4a® + 22 — 122 — 16
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4. (10 points) Find the determinant of the given matrix.

1 2 0 -1 4 4
1 2 0 -1 5 4
2 31 4 2 4
4 6 0 8 2 4
-1 10 -1 3 -5
L0 00 0 5 6]
Answer: det(A) = _ -192
Solution :

BREAERNBEERERIEEERNMER > WRIERZIEERZA determinant BIFFIR > FIOMWSD -
BRTIER 0 ZEUTEIIEMZS » MREEERIE—E row IRE_ME row RISET—1K > BMEFERT -
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5. (10 points)

0 -2 1
A=13 2 1
1 5 -1
1 -7 3 -4 -7 3 -4
The inverse of A = R 4 -1 3 , and the adjoint matrix of A = 4 -1 3
13 -2 6 13 -2 6
Solution :
det(A) = 5.
BERAARAMLE -

6. (10 points) Determine the set S; of all functions f such that f(0) = 0 is a subspace in the vector space F' of all
functions mapping R into R.

Answer: Is S a subspace of F?7 _ Yes

Solution :

Let f(x),g(x) € Sy, then (f @ ¢)(0) = f(0) +¢(0) =0+ 0= 0. Thus (f ® g)(z) € S;. It is closed under vector
addition.

Let r € R, (r® f)(0) =7 x 0=0. Thus (r® f)(x) € S;. It is closed under scalar multiplication.

Thus 57 is a subspace of F.
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7. Consider the set R?, with the addition defined by [z, y] @ [a,b] = [z 4 a+ 2,y + b], and with scalar multiplication
defined by r ® [x,y] = [rz + 71 — 2, ry].
a. Is this set a vector space? ( Yes / )

Hint: Show by verifying the closed under two operations, A1-A4 and S1-S4.

b. If the set is a vector space, then find the zero vector and the additive inverse (JIJARITZ) in this vector
space. Hint: The zero vector may NOT be the vector [0, 0].
Answer: the zero vector is , for any vectors [x,y], the -[x,y] is

Solution :

Assume it is a vector space.

For any ¥ € R, 0® ¢ must be 0. (L&#H#) Thus 0=0® [z,y] = [-2,0].
For any 7 € R?, (—1) ® ¥ must be —7. (L&RAFE) Thus —[z,y] = (—1) @ [z,y] = [~z — 3, —y].
HOWGVGI‘, [.lf,y] @ (_[$7yD = [l’,y] D [_I - Sa_y] = [T + (—J) - 3) + 27?/ + (_y>] - [_170] 7& [_20] - 6

Contradiction!

Thus it is NOT a vector space.

Check property S3: for r,s € R and ¥ = [z,y] € R?, r ® (s ® ¥) = (rs) ® 7.

LHS: r®@ (s®@0)=r® (s®[z,y]) =r @ [sx+s—2,sy] = [r(sz+s—2)+r—2,rsy] = [rsz+rs—r—2,rsy|.
RHS: (rs) @ U= (rs) @ [z,y] = [(rs)z + (rs) — 2, (rs)y].

Since LHS # RHS. It is NOT a vector space.

Check property S4: for v = [z,y] € R?, 1 ® ¥ = 7.
LHS: 1@v=1® [z, y] =[x +1-2,y] = [z — 1,y].
RHS: ¥ = [z,y].

Since LHS # RHS. It is NOT a vector space.
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8. (10 points) Determinant whether the given 4 points lie in a plane in R*. If so, find its area. If not, find its
volume.

A(27070a 1)7B(3a 17 _]-a 2)) 0(2, 07 273)’ D(Qa _17270)
Answer:

ABCD are coplanar(3¥MH), and the area of the quadrilateral ([U#&f?) is N/A .

ABCD are NOT coplanar, and the volume of the tetrahedron(IUHEEE) is @ .

Solution :

AB =[1,1,-1,1], AC = [0,0,2,2], AD = [0, ~1,2, —1]

1 0 0
Lo 4 0 —4
M= , det(MTM)=|0 8 2|=48

—4 2 6
1 2 -1

So the points are not coplanar and the volume of the Parallelepiped (f£4T75HES) formed by coterminous (¥H#0

i2) edges E,ﬁ,ﬁ is /48.
The volume of a tetrahedron (PUEEE) ABCD formed by coterminous (#H#B#€) edges @, @, AD is

volume of the Parallelepiped /48

6 6

9. (10 points) Let G = {[z,9,2] | 0 < 2 <3, 0 <y <7 —2<2z<57}Let T:R3— R’ be given by
T([z,y,2]) = 2z + 3y,x — 4,2y + 2,2 + z,2 — y — z]. Find the volume of the image of G in R® under the
transformation 7.

Answer: 147204

Solution :
Similar with example 7 in section 4-4.
Notice that G is a cuboid with side length are 3, 7, 7, thus the volume of G is 3 x 7 x 7 = 147

By Theorem 4.9, we have the result should be /det(AT A)-V where V is the volume of G, and A is the standard
matrix representation of T’

2 3 0

1 -1 0
A=10 2 1
1 0 1

1 -1 -1

7T 4 0

det(ATA) =4 15 3|=204
0 3 3
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10. (10 points) Determine the dimension of the given set S. Then reduce the given set to be a basis for sp(S).

S = sp(ac2 —2,2% +1,42,22 — 3) is a subspce in a vector space P.

Answer: dim(S) = __ 3
A basis for Sis  {z? — 2,27 + 1,42}

Solution :
1 10 0 100 1
0 04 2(~0 10 -1
-2 1 0 -3 0 0 1 05
11. (10 points) Let @,b, € R®. Show that @ x (b+7) =@ X b+a X €

Solution :

Section 4-1 problem 59. ﬁﬁ/EfﬁzmMnM

FEFRHEIR - BEZAERE ol k= componentb A o
FINEMENTTRERY - BIEL > ((Ll,(LQ,(L?) —1E%h > [a1, a2, 03] TR—ERE -
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12. (20 points) Prove or disprove (JR5&) the following statement.

(a) False  If T and T are different linear transformations mapping R™ into R™, then we may have
T(&) = T(&;) for some standard basis vector & of R".
Solution :

2-3, problem 29h.

(b) False  Let T :R" — R™ and T : R”™ — R¥ be linear transformations. Prove directly from its
definition that (7o T') : R™ — R¥ is also a linear transformation.
Solution :

2-3 #31.

(c) True If S is independent, each vector in V' can be expressed uniquely as a linear combination
of vectors in S.

Solution
3-2, 25(g)

(d) True The determinant of a 3 x 3 matrix is zero if the points in R? given by the rows of the
matrix lie in a plane.

Solution :
4-1 19(e)
Bk 2 UTHREASRE
Question: 1 2 3 4 5 6 7 8 9 10 11 12 Total
Points: 10 10 10 10 10 10 0 10 10 10 10 20 120

Score:




