B —EF R 2025 &, HhE @BE

R, , W&

AREAHEF 9 & - WARENRE - BUZSNEZEAS -

EalAM:
« BAEF—MRE-BEELEREN > TERERNTD !
o AOJEPREERASER
- STEEFRLERRE  WEARBRBENG TN -
RAEERE  mERNEERERTASEIWD -

BB aiss  BAERCHEELRERER

SRIARGEN : R E

B —EPTHMEREIRERN - W MEHNHENREEE -
7= FHIRS  IRTRIOR - B/ EENE FRRE -

BEEHCTEEHRMEE » ZAFHERRAEZIERE -






B —ARIEACEL HiFZE f2Z - Page 2 of 10 04/10/2025
1. (10 points) Let

3 0 0
A=14 2 3
-4 0 -1

Find (if exists) an invertible matrix C and a diagonal matrix D such that D = C~'AC. Also,
find the eigenvalues of A%,

(1) The eigenvalue of A% are 2093107 (2) Is A diagonalizable?( / No)

0 -1 0 20 0
If A diagonalizable, C= 1 -1 -1 , D= 03 0 ,
0 1 1 00 -1
3100 0 0
and A00_— 3100 _ (_1)100 9100 9100 _ (_1)100
_3100+(_1)100 0 (_1)100
Solution :
0 11
Cl'=1]-10
1 01
0 —1 0] |2 0 0 0 11
A =cp"Cc™ =1 -1 —1] | 0 3% 0 -10
0 1 1 0 0 (—1)0 1 01
3100 0 0
= | 3100 _ (_1)t00 2100 9100 _ (_])100

_3100 + (_1)100 0 (_1)100
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2. (10 points) Let

-1 0 -2
A=15 3 1
2 0 3

(a) Is A diagonalizable? ( Yes /[No|) .

why? eigenvalues are 3, 1, 1 and the geometric multiplicity of 1 is 1.

(b) Is A orthogonal diagonalizable? ( Yes / ) .

why? PATMREIREEEESE—EERIIA : 1. A is not diagonalizable, 2. A is not symmetric!

Solution :
(a)
det(A— M) =3 —=X)(1— )\)2

The eigenvalues are 3, 1, 1. The algebraic multiplicity of 3 is 1 and the algebraic multiplicity
of 1is 2.

-2 0 =2
A-I=1|5 2 1| =rank(A—1)=2 = nullity of (A—1)=2
2 0 2

Thus, the geometric multiplicity of 1 is 1. A is NOT diagonalizable.
(b) Follow R4 6-3 Theorem 6.8
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3. (15 points) Use Gram-Schmidt process to find an orthonormal basis for the subspace W of R*
spanned by the columns of A and then use it to find the QR-factorization of A, where

1 1 1
A 0 1 -1
1 0 O
0 -1 1
Answer
11 -2
5 s 51 -2
O I A VI L oH] VB VB VA
Q= vo vio| . |0 2 1 R= 0 YO0 =3|__1L | 5 3
a 1oL 2 | VI /5 1 2 T 2 Vio| T Vio N
Vi Vo Vi 0 0 =4 0 0 -4
0 =2 =L 0 -2 -1 V10
V10 V10
Solution :
Follow @A 6-2 example 5. R [RTERA LA » B QTA EXK -
BHREE > QR £AERY Q —E =& orthogonal matrix » R — &= L =A%BE -
11 -2
r 5 A 501 -2
il O A I R N VRV
Q:LQE 10\/3_12’R:O@\;_1%:\/_1_00 5 -3
vz vie vwo| V 0 0 =i 0 0 -4
0 =2 =L 0o —2 -1 V10
V10 V10
or
11 -2
5 75 T 5 2
Al N et I (A NN IR
Q:ng 10\/5_1_2’]%:0@\;_1%:_/1005_3
i vio vio| oV 0 0 =4 0 0 4
0 =2 =L 0o -2 1 V10
V10 V10
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4. (15 points) Let the sequence ag, ay, ... given by ag = 0,a; = 1, and a, = ax_1 + 2a,_o for k > 2.

(1) Find the matrix A that can be used to generate this sequence. (2) Estimate(figt) ay for
large k.

1 2 _{)k+149k k )
Answer: A = [1 O] , ap = (UT”, = qp ~ %, = limy_ o ap = 00

el L e T T o] == [ [

Solution :

Thus i
apy1| |12 1
ag | |1 0] |0
: 2 . . . 1 . 2
Find A = 0 has eigenvalues, eigenvectors as \; = —1,v; = 1k Ao = 2,10y = iE
Method 1

Find C, D such that A = CDC~!, where

oo [ U2 p [P0 L1 2
-1 1 0 2 301 1

0o 2* 11 (—1)FFt 42k (=2)(—1)FF 4 2F

(—1F 0| L1 —2] _1[(=pF4art (kg2
3 =3

1| 1 (_1)k+2k+1 2(_1)k+2k+1 _1 B 1 (_1)k+2+2k+1
ap | 3 [(=1)F 42k (=2)(=1)F 42k 0| 3| (—1)Ft 42k
Method 2
Find out that )
aq 1 1 1 112
— —— _I_ —
ap 0 31—-1 311
i1 1 2 ' 1 1 2 ' 111 1 2- 1 1 1 2 1 (—1)”%—2’€+1
- = (= |7 ==(=1)F i, L I I o
ag 10 0 10 31—-11 3|1 -1 3 1 3 (=)t +2
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5. (10 points) Find the projection of [-1, 3, 2] on the subspace W = sp([1,1,0],[1,0,1]) in R3.

Answer:

1. the projection = [1,1,0] . 2. the W+ = sp([1,—1,—1])

Solution :

Check section 6-1 example 3.

Since we are in the R? and dim(W) = 2, then dim(W+) =3 -2 =1.

i =[1,1,0] x [1,0,1] = [1,—1,—1] = W+ =sp([1,—1,—1]).

Let v = [—1,3,2], then
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6. (15 points) Let ¥ be a vector in R with coordinate vector [3, 1, 6] relative to a ordered orthog-
onal basis ([2, 3, 6], [3, -6, 2], [6, 2, -3]) of R3. Find ||7]|.

Answer: ||v]] = /46

Solution :

L ERAER ° Similar with 6-3 example 2.

Note that A = (d@; = [2, 3, 6],ds = [3,—6,2],d3 = [6,2, —3]) is an ordered orthogonal basis of R?
and [|@1|| = [|@| = [|@|| = 7. Thus, B = (b = %,by = 2,by = %) is an ordered orthonormal
basis of R?.

Since

T = 3, + 1d@y + 6d3 = 7(3by + 1by + 6b3),
T4 =[3,1,6], 7 =7 x [3,1,6],

By Theorem 6.6, we have ||¥]| = ||Ug|| =7 x V3% 4+ 12 + 62 = 7V/46 = /2254,
Method 2

By section 3-3:

7 =3[2,3,6] + 1[3, —6,2] + 6[6,2, —3] = [45, 15, 2], = ||7]| = v/2254
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7. (10 points) Let A is an n x n invertible matrix and if A is an eigenvalue of A with U as a
corresponding eigenvector. Prove that (a) A # 0 and (b) 1/) is an eigenvalue of A™! with ¥ as

a corresponding eigenvector.

Solution :
Section 5-1 # 28 °
(a) A is invertible, By Theorem 4.3, then det(A) # 0.
Since A7 = A7, we have (A — XI)7 = 0. Thus (A — \I) is singular and then det(A — \I) = 0.
IfA=0,
0=det(A—A)=det(A—0])=det(A) #0 —<«

(b) A is invertible, then A™! is exists.

<y
I
=
i
<y

(Since A # 0)
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8. (15 points) Prove the statement if true; otherwise, modify it to make it true. (¥18955RH » #8
AUERIE)*** RE¥iEE > IR Amill—ER LD ¥+

(a)

True If X is an eigenvalue of a matrix A, then )\ is an eigenvalue of a matrix
A+ ¢l for all scalars c.

Solution :

Section 5-1, problem 23g.
A+cl
If X\ is an eigenvalue of a matrix A, then )( is an eigenvalue of a matrix A+ ¢/ for all scalars

C.

True |False| Every nonzero vector in R” is in some orthonormal basis for R".

Solution :
Section 6-2, problem 25e.
1. Every nonzero” vector in R™ is in some orthonormal basis for R”.

orthogonal

2. Every nonzero vector in R" is in some ort rmal basis for R".

True Given W is a subspace of R™. The intersection of W and W+ is empty.

Solution :
Section 6-1, problem 23h. & 112 exam 1 problem 9(c).

0
Given W is a subspace of R". The intersection of W and W+ is empty” 0
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9. (10 points) Prove that similar square matrices have the same eigenvalues with the same alge-

braic multiplicities.

Solution :
Section 5-2, problem 18.
Let A and B are similar and B = C~'AC. Then

det(B — X ) = det(CAC — \I) = det(C*AC — C~H(\I)C)
= det(C™HA = AI)C) = det(C ') det(A — \I) det(C)
= det(A — \I)

Thus we know that A and B have the same characteristic polynomial. Therefore they have the

same roots with the same multiplicities.

k! , A , MTHRSARERE
Question: EI E H H B H H E H Total
Points: 10 10 15 15 10 15 10 15 10 110

Score:




