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1. (a) (4 points) If A = [a,;] is a m x n matrix and B = [b; ;| is a n x r matrix. Define what it means for the
matrix product C' = AB.

Solution :

Definition 1.8 in Section 1.3.

(b) (4 points) Define what it means for two vectors 7, & € R™ are perpendicular (L%).
Solution :

Definition 1.7 in Section 1.2.

(c) (4 points) Define what it means for a n x n matrix A is invertible.
Solution :

Definition 1.15 in Section 1.5.



FEE — 4R EX FE—RHIHZE - Page 3 of 10 2025/10/30

(d) (4 points) Define what it means for a set of vectors to be linearly independent.
Solution :

Definition 2.1 in Section 2.1.

(e) (4 points) If W is a subspace of R", define the dimension of W.
Solution :

Definition 2.2 in Section 2.1.
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2. (10 points) (a) Find the inverse of the matrix A, if it exists, and (b) express the inverse matrix as a product of

elementary matrices.

-1 3
A=]0 -2 1
1 0 -2
4 6 7
. -1 _ 1
Answer: (a) A1 = 1|1 0 1
2 3 2
1o off{toz2/{to offt o offt o o]t oo]foo1
b) Alt=1]0 1 1/2] {0 1 0|0 1 O |0 1 0||0 —1/2 0|0 1 0| |0 1 O (HRAHE—)
00 1]foo0 1{fo0 2/3|0 =3 1|0 0 1||1 0 1/|1 0 0

3. (5 points) Classify 7= [4,1,2,1,6] and @ = [8,2,4, 2, —5] are parallel, perpendicular, or neither.

Answer: __neither
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4. (10 points) Let W = {[a1, a2, a3, a4,as] € R® | ay + as + az + ag + a5 = 0}. Show that W is a subspace of R®

over R.

Solution :

First, we know that W is a subset of R>.

For any i, 7 € R%, say @ = [uy, U2, uz, ug, us), ¥ = [v1, v2, v3, V4, V3]

If «,v € W, we know that uy + us + u3z + ug +us =0 and vy +vo +v3 +v4 +v5 =0

For any scalar r, s € R.

ri + sU = r{uy, uz, us, ug, us| + s[v1, va, V3, Vg, V5]
= [ruy, rus, rug, rug, rus] + [sv1, Sva, SU3, SU4, SU5]

= [ruy + sv1,Tus + svg, rus + svs, Tug + SV4, U5 + SU5)

Since (ruy + sv1) + (rug + sv9) + (rus + svs) + (rug + svyg) + (rus + svy) = r(ug + ug + uz + ug + us) + s(vy +
vg + v3 +v4 + v5) = 7(0) + 5(0) = 0, the r@ + s is in W. Thus W is a subspace of R®

5. (10 points) Find all possible scalar s, if exist, such that [1,0,1],[2, s, 3], [1, —s, 0] are linearly independent.

Solution :
problem 33 in Section 2.1. (T FT)
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6. (10 points) For the following linear system:

Ty + 229 — 3x3 =
31 — x9 + dxrg =
4x1 +x9 +ax3 = b

Find all possible (a,b) such that the above linear system
(a) has unique solutions: (a,b) = a#2, beR

(b) has no solutions: (a,b) = a=2, b#6

(¢) has infinitely many solutions: (a,b) = (2,6) .

Solution :

Using the Theorem 1.7 in Section 1.4.
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7. (20 points) Assume the the matrix A is row equivalent to H, please answer the following questions.

11 5 0 -9 3 =3 6 0 0 0 0 —-10 16
2 4 20 1 —-28 14 -14 0 6 30 0 0 10 -—16
A=1(2 4 20 1 -31 15 —-15(,H=1|0 0 0 6 O 8 4
2 3 15 1 =27 12 -11 00 0 0 6 -2 2
1 2 1001 -18 9 =8 00 0 0 O0 O 0

(a) the rank of matrix A, is _ 4

(b) a basis for the row space of A is
[60000—1016},{06300010—16},{0006084},[00006—22},

17 [1] [o] [-9
2 4 1 —28
(¢) a basis for the column space of A is 2|, |4 1], [-31
2 3 1 27
1 2] (1) |-18
[ 0] [10] [~16]
—30 —10 16
6 0 0
(d) a basis for the nullspace of A is 0 -8, -4
0 2 -2
0 0
L 0 - - 6 -

(e) Is [9, 28, 31, 27, 18] in sp([1, 2, 2, 2, 1], [1, 4, 4, 3, 2], [5, 20, 20, 15, 10], [0, 1, 1, 1, 1])? If so, find the
coefficient of its linear combination. If not, explain why. Answer: _ No

(f) Is [3, 14, 15, 12, 9] in sp([1, 2, 2, 2, 1], [1, 4, 4, 3, 2], [5, 20, 20, 15, 10], [0, 1, 1, 1, 1], [9, 28, 31, 27, 18])? If
so, find the coefficient of its linear combination. If not, explain why. Answer: _ Yes

Solution

By Theorem 1.6 in Section 1.4, Since A and H are row equivalent, AZ = 0 and HZ = 0 has the same
solution set. Let ﬁ, be the it" column of H and @; be the it" column of A .

(e) From H, the pivot columns are 1,2,4,5, and the free columns are 3,6,7. Thus, column 5 is a
pivot column, meaning hs cannot be written as a linear combination of the previous columns. Hence
[9,28,31,27,18]7 = —@5 is not in span(ay, do, @3, ds).

(f) Column 6 is a free column in H, so it can be expressed as a linear combination of the pivot columns.
E(; = —%}_il + %HQ + Oﬁd + %54 — %55 (%ﬂ_‘\;ﬁﬂﬁ—)
Therefore, [3,14,15,12,9]7 = @ is in span(ay, @z, @3, @4, @5) and

do = —3a) + 2dy + 0d3 + 3d4 — 3d5. (RTMAKE—)

(d) Similar with 111-1 exam 1 problem 8.



FEE — 4R EX FE—RHIHZE - Page 8 of 10 2025/10/30

8. (10 points) Let A be an m x n matrix. Let €; be the n x 1 column vector whose jt" component is 1 and whose
other components are 0.

(a) Show that A¢; is the j** column vector of A.

Solution :

Section 1.3 problem 41 (a). Use the definition of A€} to check.

(b) Prove that if AZ =0 for all # € R”, then A = O, the zero matrix.
Solution :

Section 1.3 problem 41 (b)(i). By above part and use ¥ = € for j =1,2,...,n.
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9. (10 points) Let A and C be matrices such that the product AC' is defined. Whether the column space of AC' is
contained in the column space of A or C'?7 Explain your answer.

Answer: the column space of AC' is contained in the column space of __A

Solution :

Section 2.2 problem 14, 15.

1. Let A be m x n matrix. Every vector in the column space of AC is of the form ¢ = (AC)Z for some
Z € R™. For every Z, (CZ) € R". Then v = A(CZ) which is the vector in the column space of A. Thus
colspace(AC) C colspace(A).

2. Let A be m x n matrix, C' be n x s matrix. Thus AC is m X s matrix.

Since the column vectors of AC are belong to R™ and the column vectors of C' are belong to R", the
column space of AC' can not be contained in the column space of C.

10. (5 points) Let ¥, 4 and @ be vectors in R™. Prove that

Solution :
Section 1.2, Theorem 1.3 (D.2).
Check by it’s definition.
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11. (5 points) Prove that sp(0y,72) = sp(Uy + U2, U1 — 20s).

Solution :

Similar with Section 1.6, problem 45.
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