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1. (20 points) Construction based on Definitions
For each of the following conditions, provide a specific example that satisfies the requirement. If no such
example exists, write "Impossible” and briefly explain why based on definitions.

R 3
(a) Let = l4

in R2. Find an ordered basis B = {by, by} for R? such that its coordinate vector is [7]5 = [(1)] .

(b) Provide two matrices A and B, where they have the exact same eigenvalues, but A is NOT similar to B.

(¢) A matrix that is Unitarily diagonalizable but NOT Hermitian.

(d) A matrix that is Unitary but NOT Diagonalizable.

(e) A matrix in Jordan Canonical Form where the Algebraic Multiplicity (A.M.) of its only eigenvalue is 4,
but its Geometric Multiplicity (G.M.) is 3.
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2. (50 points) Fill-in-the-Blanks (10 points each). Only the final answers will be graded.

(a) Calculate the exact value of the complex number in standard form a + bi:
V3-i)= (I) .
(b) Let V be a vector space with ordered bases B = {by, by, bs} and B’ = {b}, by, b;}. If

2 -1 1
OB,B’: 0 3 —2|, and 17:—51+262+253
1 0 4
Find the coordinate vector [v]p: = (II)

(¢) Consider u = 21 and v = .
3 1+

o 1 . Compute the standard Hermitian inner product (u,v) = (III) .

(d) Let P, be the space of polynomials of degree at most 2. Let B = {1, 2,22} be the standard basis. Define a
linear transformation T : P, — Ps by T'(p(x)) = 2zp’(x) —p(z). The matrix representation [T]p is (IV)

(e) Let A be a 3 x 3 complex matrix with det(A) =5 — 2i, then det(2i4) = (V) .
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3. (10 points) Let T : R? — R3 be a linear transformation and B = ([1,2], [2, —1]) and B’ = ([1,0,1], [0,1,1], [1,1,0])
be ordered bases of R? and R3 respectively. Suppose that the matrix representation Rp p: of T is given by

2 1
Rpp = |-1 3
0

Please express T'([4,3]) and T'([—3,4]) as vectors in R3.
Answer: T([4,3]) = and T([-3,4]) =
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4. (10 points) Find a Jordan canonical form and a Jordan basis for the matrix A

(10 0 2 0 0 O]
6 73 6 -1 0
A -8 0 2 -2 0 O
0 00 6 0 0
6 1 3 0 5 0
Lo 00 0 0 6
(a) Jordan canonical form = Jordan basis =
(b) Find the det(A%°) =
Notice that
2 0 1 0 0 0] [0 0 0 —4 0 0] [0 0 0 0 0 0]
0200 -2 0 000 0O 00O 00 0O0O00O
0 00 2 0 O 000 8 00 - 0 00 0 0O
(A—6I)~ (A —61)? = J(A—61)?° =
0000 0 O 000 0 00 00 0O0O0O0
0000 0 O 000 0 00 000 O0O0O 0
0000 0 o0 000 0 0 0 0000 0 0
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5. (10 points) Let A be a 5 x 5 matrix over C. You are given the following information:
o The characteristic polynomial of A is p(\) = (A — 2)5.
o The eigenspace corresponding to A = 2, denoted as E», has dimension 2. (i.e., dim(Null(A — 2I)) = 2).
« The rank of the matrix (A — 21)? is 1.

Find the Jordan Canonical Form J of the matrix A. Explain your reasoning clearly. (No extensive matriz
computation is needed).
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6. (10 points) Using the Gram-Schmidt process to transform the basis {[1, ¢, 0],[1, 24, 1]} into an orthogonal basis
and then extend it as an orthogonal basis for C3.

Answer: the found orthogonal basis for C? is

7. (10 points) Let U € C"*™ be a Unitary matrix. Let V = 3£40.
Prove that V' is also a Unitary matrix.
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8. (10 points) Prove that a normal matrix is Hermitian if and only if all its eigenvalues are in R.
2R JeEE
Answers for Question 2 (Fill-in-the-Blanks):
@ (I1) (I1T) (Iv) V)
NTHREEARER
Question: 1 2 3 4 5 6 7 8 Total
Points: 20 50 10 10 10 10 10 10 130

Score:




