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Section 4.3 Computation of Determinants and Creamer’s
Rule

11.
Let A =

[
R O
O S

]
where A is an n × n matrix with an r × r submatrix R and an s × s submatrix S.
(n = r + s)
Let prove the exercises 11 by induction on r.
When r = 1, if we expand det(A) by minors in the top row, then obviously the det(A) =
det(R) · det(S) holds.
Assume that r > 1 and the result holds if R is (r − 1)× (r − 1).
Now we have A is an n× n matrix with an r× r submatrix R and an s× s submatrix
S. Let A = [ai,j] and R = [ri,j]. Notice that

a1,j =

{
r1,j, for j ≤ r
0, for r + 1 ≤ j ≤ n

We expand det(A) by minors in the top row, then

det(A) = a1,1a
′
1,1 + a1,2a

′
1,2 + ...+ a1,ra

′
1,r + a1,r+1a

′
1,r+1 + ...+ a1,na

′
1,n

= r1,1a
′
1,1 + r1,2a

′
1,2 + ...+ r1,ra

′
1,r + 0 · a′1,r+1 + ...+ 0 · a′1,n

= r1,1a
′
1,1 + r1,2a

′
1,2 + ...+ r1,ra

′
1,r

For j ≤ r, each cofactor a′1,j is

a′1,j = (−1)1+j det(A1,j) = (−1)1+j

[
R1,j O
O S

]
where A1,j is the corresponding minor matrix of A and R1,j is the corresponding minor
matrix of R. By the assumption of induction, we have

det(A1,j) = det(R1,j) det(S)

Thus

det(A) = r1,1a
′
1,1 + r1,2a

′
1,2 + ...+ r1,ra

′
1,r

= (−1)1+1r1,1 det(R1,1) det(S) + (−1)1+2r1,2 det(R1,2) det(S) + ...+ (−1)1+rr1,r det(R1,r) det(S)
=

[
(−1)1+1r1,1 det(R1,1) + (−1)1+2r1,2 det(R1,2) + ...+ (−1)1+rr1,r det(R1,r)

]
det(S)

= det(R) det(S)
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22. Since A−1 =

[
a b
c d

]
and A = (A−1)−1, we have

A = (A−1)−1 =
1

det(A)adj(A
−1) =

1

3

[
d −b
−c a

]
38. Let A be an n× n matrix. Prove that det(adj(A)) = det(A)n−1.

Answer: By Theorem 4.6 : adj(A)A = (det(A))I.

adj(A)A = (det(A))I
det( adj(A)A ) = det( (det(A))I )

det(adj(A)) det(A) = det(A)n Note that I is an n× n matrix

If det(A) ̸= 0, it is easily to get det(adj(A)) = det(A)n−1.
If det(A) = 0, A is singular. By Exercise 37, adj(A) is also singular.

det(adj(A)) = det(A)n−1 = 0.
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