
葉均承 (Jean Yeh) Section 5-2 Solution 應數一線性代數

Section 5-2 Diagonalization

18. Prove that similar square matrices have the same eigenvalues with the same algebraic
multiplicities.

Answer: Let A and B are similar and B = C−1AC. Then

det(B − λI) = det(C−1AC − λI) = det(C−1AC − C−1(λI)C)

= det(C−1(A− λI)C) = det(C−1) det(A− λI) det(C)

= det(A− λI)

Thus we know that A and B have the same characteristic polynomial. Therefore they
have the same roots with the same multiplicities.

22. Let A and Cbe n×n matrices, and let C be invertible. Prove that, if v⃗ is an eigenvector
of A with corresponding eigenvalues λ, then C−1v⃗ is an eigenvector of C−1AC with
corresponding eigenvalues λ. Then prove that all eigenvectors of C−1AC are form
C−1v⃗, where v⃗ is an eigenvector of A.

Answer: Let Av⃗ = λv⃗. Then

(C−1AC)(C−1v⃗) = C−1A(CC−1)v⃗ = C−1(Av⃗) = C−1(λv⃗) = λ(C−1v⃗)

Therefore, C−1v⃗ is an eigenvector of C−1AC with corresponding eigenvalues λ.
Given an eigenvector u⃗ of C−1AC with corresponding eigenvalue α so that C−1ACu⃗ =
αu⃗. Then

A(Cu⃗) = (CC−1)ACu⃗ = C(C−1ACu⃗) = Cαu⃗ = αCu⃗

Hence we know Cu⃗ is an eigenvector of A with corresponding eigenvalue α. Thus
u⃗ = C−1(Cu⃗) has the requested form.
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