B (Jean Yeh) Section 9.2 Solution FES— ARt B

9.2 Matrices ans Vector Spaces with Complex Scalars

35.

37.

39.

Prove that an n X n matrix U unitary if and only if the rows of U form an orthonormal
basis for C".

Answer:
If U is unitary, by the definition, its column vectors are orthogonal unit vectors
(C1,Ca, ..., Cp). Assume there’s 1,79, ...,1, € C, such that &) + ... + r,¢, = 0.

<51,7“151 + ...+ rn5n> = <51, 6> =0

—

A <Cl,81> + ...+ T'n <81,5n> =T <61,81> =T = 0
Similarly, ro = ... = r,, = 0. Therefore, ¢, c, ..., ¢, are linearly independent, that is,
the column vectors of U are an orthonormal basis.
Since U*U = I = UU* = UUT = (UT)*UT, U" is also an unitary matrix. That is, the
column vectors of U7 is also an orthonormal basis. Therefore, the row vectors of U is

an orthonormal basis.

Let the row vectors of U is Uy, Vs, ..., Uy,

¥ 1 0 0

_ 7

e N G S =1
: : 0
Up, 0o - 0 1

I" = (UUT)T = UU*. Hence U is unitary.

Prove that the product of two commuting n x n Hermitian matrices is also a Hermitian
matrix. What can you say about the sum of two Hermitian matrices?

Answer:

Let Hy, Hy are Hermitian matrices, i.e. H} = Hy, H; = H,. Since Hy1, H, are com-
muting, i.e. HiHy = HoHy (H1Hy)* = H;Hf = HyHy = H1H,. Hence H1H, is a
Hermitian matrix.

(Hy + Hy)* = Hf + H5 = H, + H,. Hence H; + H, is a Hermitian matrix.

Let T : C" — C" be a linear transformation whose standard matrix representation is a
unitary matrix U. Show that (T'(@),T(v)) = (u, 0), for all @, € C"

Answer:
I already proved in class.
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40. Prove that for @, 7 € C, (*)* = @0 = 7"l = @0

Answer:
Uy U1
U9 . (%)
Letu=|  |,v=
Up, Un

U1
(@ 0)" = ([ur U, | : )*Z(Zuzvz)
' =1
Un,
n
:Zu_ivi(— U*v)
i=1
n
i=1
Uy
u
— [ m . w] || (=T
Unp,
U1
Uy _
:[ul Uy ... un] _2 (= ' 7)
Un

43. A square matrix A is normal if A*A = AA*
(a) Show that every Hermitian matrix is normal.
(b) Show that every unitary matrix is normal.
(c) Show that, if A* = —A, then A is normal.

Answer:
(a) Let H are Hermitian matrices, i.e. H*=H. HH* = HH = H*H.

(b) Let U are unitary matrices, i.e. U*U = I, i.e. U ' =U* UU* =1+ U*U.
() fA*=—-A Ax A= (—A)A=—-AA=A(—A) = AA*.
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44. Let A be an n x n matrix. Referring to Exercise 43, prove that , if A is normal, then
|AZ]| = ||A*Z]| for all 2 € C™.

Answer:
|AZ])? = (A2)*(AZ) = Z*A*AZ = Z*AA*Z = (A*2)*(A*2) = || A*Z))°.
Since all norms are real and positive, ||AZ]| = ||A*Z]].
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