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Let (a, b, c) be a Pythagorean triple, i.e., a triplet of positive integers
with a? + b2 = ¢?

(a) Prove that (2 + %)2 > 8.



(b) Prove that there does not exist any integer n for which we can find a

Pythagorean triple (a, b, c) satisfying (2 + %)2 =n.

(B30 2 (a,bc)s Az 2 b 50 Kz 1l

fin

A9 a?4b?=c?

@#EP C+D)?> 8

2 " c Cc 2 , A
(b)EP 7 3 hixim frlen ® 5 IR (S +5) = nek
(a,b,0))
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1.(a)f2 % -

Let (a, b, c¢) be a Pythagorean triple. View a, b as lengths of the legs of a
right angled triangle with hypotenuse of length c; let 0 be the angle
determined by the sides with lengths a and c. Then

c,cp 1 1 o _sin?6+cos? 0+2sinfcoso 1+sin26, 4
C+) =51t =5)

sinf = cos@ (sin 6 cos 0)2

sin? 29) sin220 = sin26

Note that because 0 <6< 90, we have 0 < sin 20 < 1, with equality only if

6 = 45¢. But then a = b and we obtain V2 = 2, contradicting a, ¢ both

being integers. Thus, 0 < sin 20 < 1 which gives (2 + £)2> 8.
(FF: 4 (abo)id =¥ £ abd i b=z bhEifci &

B2 L 0hacihdtd s FL0<6<90° 5 (FF] 0<sin20<1>

O=45PF § %08 L a=b BEAPEFIN2= 2 & ac & K

K/

g0 4 ,*I};{o<sin2¢9<1=> (§+£)2>8)

2(a)f%ix =

By simplifying and using the AM-GM inequality.



b2)(@+b)? 2\a2b22ab”

a?b? - a2b?

C | C\2_ 2,atby 5 (a+
Gt = () 8

with equality only if @ = b. By using the same argument as in Solution 1,
a cannot equal b and the inequality is strict.
(i I EABPPEN R ha=bPEEN8 ¥ 3 3 - g

o - a7 EN DA )

3.(b)fa i

. C c . . c C . . Cc C
Smce; t s rational, (;+ ;)2 can only be an integer if P

is an integer. Suppose 2 + % = m. We may assume that gcd(a, b) = 1. (If

not, divide the common factor from (a, b, c), leaving munchanged.) Since
c(a+b) = mab and gcd(a, a+b) = 1, a must divide ¢, say ¢ = ak. This
gives a? + b? = a’k? which implies b? = (k?* — 1) a®. Butthen a

dividesb contradicting the fact that gcd(a, b) = 1. Therefore (g + %)2 is

not equal to any integern.

c

R e N I £ LA B

c c
b b

e o R §+ = m, gcd(a, b) = 1°%Flic(a+b) = mab *
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b
gcd(a, a+b) = 1ca- &7 Y% c o #c = ak > ¥ Fa?+b% =
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