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CaUChy'b|netKE$$ Lemma 1. Let one eigenvalue of A be zero, WLOG we can set \,,(A) = 0. Then,

B&

—

n—1
—nxn-127Bf ) H,\ \|det(B  v,)[2 = det(B*AB),
SR

=
(EESTY =Y for any n x n — 1 matriz B.

m?}%{%%p\%\ Zg\ﬁ_ Proof. 1f we diagonalize A = VDV* where D = diag(A1(A),..., An-1(A),0) and

make the replacements B — V* B and v,, - V*v,, = e,,, we can assume that A = D

;l; 1;215%0{{"7‘% EIH |:F| and v, = e,,. Write B = ( ) where B’ is the upper n — 1 x n — 1 submatrix and

S

X is some 1 x n — 1 vector, then we find that both sides of eq. [I] are equal to

= A n 1 ) , 2
anE%%nﬂﬁl [T:=; Ai(A)| det(B)|*. -

HHNERRE AT B AL —(n-1)x(n-1) 7 Z & rYE AR o] LUE fEsubmatrix F

4 A =1
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(2) wii? 11 (a(4) = Me(A) = ] (Ni(A) — xe(M;))
k=1;k+#1 k=1

This result was noted in [DPZ19| and is related to a result in [ESYO7, TV11].

Proof. WLOG we take j = 1 and 7 = n. We shift A by \,,(A)I,, so that A\, (A) = 0;
this also shifts all the remaining eigenvalues of A as well as those of M, then eq. 2
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=B — P EY

S aEIL

becomes,
n—1 n—1

(3) on1|? T] Ak(A) = [T A(d1).
k=1 k=1

&8 [EBEEL
FAE—PEEZEYS]  Note that the RHS of eq. 3 is det(M,).
Next, we apply Lemma 1 for the case where B = ( Ino_l)' We find that the LHS

of eq. 1 is H;‘:_ll Ai(A)|vn,.1]? and the RHS of eq. 1 is det(M;) giving the result. [
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We provide an alternate proof of Lemma 2 using adjugate matrices.

Proof. For any A not an eigenvalue of A,
(4) adj(AL, — A) = det(Al, — A)(A, — A)~!

which leads to

(5)  adj(AM, — A)v; = det( M, — A)A = A;(A) o= [ (A= A(A)v;,
k=1;k#j

for j € [1,n]. Thus the v; provide an orthonormal eigenbasis for adj(Al, — A).

Then,

(6) adj(A,, — A) Z H (A = Ak(A))v;v] .

3=1 k=1;k#4

By taking the limit A — A;(A) all but one of the summands on the RHS vanishes,

(7) adj(\i(A) ], — A) = 1‘[ (A (A) — Ap(A))vir -
k=1;k#4i

The diagonal elements on the RHS of eq. 7 provide the LHS of eq. 2. By the
definition of the adjugate, the diagonal elements on the LHS of eq. 7 are the deter-
minants of the submatrices of A\;(A)I,, — A which is the RHS of eq. 2 completing
the proof. Cl



(4) FfERBAEFHA IS - BN B F R R 2 V]
(AIn-A)*vj=Avj-Ajvj (AIn—A)—l*vj-(A—Aj)—l*vj
FEHIE F det () =R B sEafe det-A=T 1L, (A — X) 1851(5)
AR A V1, V2,... VE BB F R R 3, (v0]) = 1
H(5)Fevi* B E#N1S(6) » BIHAS(7)EL
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