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» 1. Find all real solutions to the
equation 4x"2 - 40[x] + 51 = 0. Here,
if X is a real number, then [x] denotes
the greatest integer that is less than
or equal to x.
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» 2. Let ABC be an equilateral triangle of
altitude 1. A circle with radius 1 and center
on the same side of AB as C rolls along the

segment AB. Prove that the arc of the
circle that is inside the triangle always has
the same length.
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» 3. Determine all positive integers n with
the property that n = (d(n))"2 . Here d(n)
denotes the number of positive divisors of
n.
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» 4. Suppose at, a2, . .., a8 are eight distinct integers
from {1, 2, ..., 16, 17}. Show that there is an
integer k > 0 such that the equation ai - aj = k has at
least three different solutions. Also, find a specific
set of 7 distinct integers from {1, 2, . . ., 16, 17}
such that the equation ai —aj = k does not have three
distinct solutions for any k > 0.

» 4.5%al,a2,...a8=8E**E{1,2,...... 16,17} 5 40 A~1H
EIIEE - FBIRFEE—2EK>0 - Fai-aj=kA&xV =1E
MER - BIRFRD7EE{,2,...... 16,1738 5 A HH[E Y
2 - Fai-aj=k’2 B =1Ek>0091H = #%




\ Ha- \
CEE B
» 5. Let x, y, and z be non-negative real
numbers satisfying x +y + z = 1. Show that
(X"2)y + (y*2)z + (z"2)x < 4/27 , and find
when equality occurs.
» 5.52x,y,z—EIFE EZ0meEX+y+z=1 ° 550
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> X >[x]>x-1
» 4x"2 + 51 = 40[x] > 40(x - 1)
4x"2 - 40x +91 >0
(2x - 13)(2x -7) >0
Hence x > 13/2 or x < 7/2.
» 4x"2 + 51 = 40[x] < 40x
4x"2 -40x + 51 <0
(2x - 17)(2x - 3) <0
Hence 3/2 < x < 17/2.




» CASE 1: 3/2 <x<7/2.

» For this case, the possible values for [x] are 1, 2
and 3.

» If [X] =1 then 4x"2 + 51 =40 -1s04x"2 = -11,
which has no real solutions.
» If [X] =2 then 4x"2 + 51 =40 - 2 so0 4x"2 = 29 and

x =J29/2 . Notice that /16/2 < /29/2 < /36/2 s0 2
<x< 3 and [x] = 2.

» If [x] =3 then 4x"2 +51 =40 -3 and x = /69/2.
But /69/2 > /64/2 = 4. So, this solution is
rejected.




» CASE 2: 13/2 <x<17/2.
» For this case, the possible values for [x] are 6, 7 and 8.

» If [x] = 6 then 4x*2 + 51 =40 - 6 so x = /189/2 . Notice
that /144/2 < /189/2 < /196/2 so 6 <x< 7 and [X] = 6.

» If [x] =7 then 4x"2 + 51 =40 - 7 so x = /229/2 . Notice
that /196/2 < /229/2 < [256/2 so 7 <x< 8 and [x] = 7.

» If [x] = 8 then 4x"2 + 51 =40 - 8 so x = /269/2 . Notice
that /256/2 < /269/2 < [324/2 so 8 <x< 9 and [x] = 8.

» The solutions are
X=J/29/2,/189/2 ,/229/2 , /269/2 .
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3.1% 4z? + 51 = 40[z]. m)\:{:&;ﬁgggg z] >z -1
4.4 (22-13)(2z-7) > 0 FE@E z>13/2 or z < 7/2.

Rearranging the equation we get 422 + 51 = 40[z]. It is known that z > [z] >z — 1. so

472 + 51 = 40[z] > 40(z —1)
—40z+91 > 0
(22 —-13)(2z-7) > 0
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2.5 A 422 + 51 = 40[z]
3.13%| 42°+51=40[z] < 40z

4 §£}E1§A—t TR (22-17)(22-3) < 0
5.15f% 3/2<z<17/2.
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3/2 7/2 13/2 17/2

422 +51 =40[z] < 40z
42> —40x4+51 < 0
(2z—-17)(2z—-3) < 0

Hence 3/2 < x < 17/2. Combining these inequalities gives 3/2 <z < 7/2or 13/2 < 2 < 17/2.




