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In this section, we focus on Mahjong hands of 13 tiles chosen from the 36 dot tiles to study the
questions of “Nine Gates”, “Eight Gates”, etc. We will continue to use the notation

D, CIRRETR Xg

to represent the 1-dot, ..., 9-dot tiles each with 4 copies, and denote a hand by a “product” of 13

terms such as

X1 X1 X1 Xo X3 X1 X5 X6 X7 X3 X9 X9 X9, which may further simplify to Xf.\'-gX;;X 4_\'5_\'7_\'5_\[3.

We have the following facts about these 36 tiles based on basic combinatorial theory: for

example, see [1].

F36 M Bt L ) I3EM(R L BEY - BT ) F - 1-9 5K L
XI-X9» % - 852 % 43 o bldok— 22 13 5k i

X1 X1 X1 X‘EX3X4X5=Xl3=¥7-¥8-¥9-Y9-Y9-g& l/i'ai _’CEX}X!X.LX';XTXSXQ% °



Proposition 3.1. Consider 36 dot tiles with 4 copies of Xi1,..., Xq. Suppose a 13-dot hand is
represented as X|" --- Xg® and associated with a sequence (ny,...,ng) with 0 < n; < 4 for all j
such that ny +--- +mng = 13.

(a) The number of ways to choose 13 random tiles from 36 tiles (allowing repeated patterns):

36
(1 3) = 2310789600.

(b) The number of ways of getting a certain 13 dot tiles hand with n; copies of j-dot tiles for
j=1,....9, so that ny, ... .ng are integers in {0,1,2,3,4} adding up to 13:

()~ ()

c e probability of getting a 13 dot tiles hand with n; copies of j-dot tiles:
The probability of getting dot tiles hand with n; cop j-dot til

(4)- ()

1)

So, the probability of getting the hand of nine gates X; X, X Xo Xg Xy X5 Xg X7 Xg Xg Xg Xy out
of the 36 dot tiles is

262144
2310789600 — 0.00011344347.

(d) All possible selections of m tiles out of the 36 tiles form =0, ..., 36, correspond to the degree
m terms in the expansion:

O+ G4+ X240 4D+ X5+ X3+ X8+ XD 0+ Xe+ X0+ X3+ XD

= Yy XXX
0<ny+-+ng<36
In particular, the term with lowest degree 1 = X7 --- X§ corresponds to the selection of none
of the tiles X, ... Xq, and the term with highest degree X{ --- X3 corresponds to the selection
of all the 36 tiles.

(e) The number of different 13-dot hands equals to the total number of summands X" X3* - - - Xg"*
with ny + ny + ... + ng = 13 in the expansion in (d), and equal to coefficient of X'* in the
erpansion:

36
A+X+ X2+ X3+ X’ =) " aiX'.
i=(0
We have a3 = 93600.



(f) Define the dual of X;, X, -+ X, as Xy9—j, X10—j, - X10—j,. It is easy to see that the dual
of a chow, a pung or a pair is also a chow, a pung or a pair, respectively. Consequently, the
adding of X; to the 13-dot hand X{" X3*--- X§? form a winning hand if and only if adding
of X10—j form a winning hand of its dual.

The properties (a) — (e) allow us to set up the Python program to determine the hands of nine
gates, eight gates, etc. and compute their probability. Property (f) is of theoretical interest that
every single hand of 13 tiles has a dual hand if we replace X} by Xg—x. If the original hand can
win with an f-dot tile, then its dual hand can win with (10 — ¢)-dot tile. So two hands that are dual
to each other can win by same number of tiles. For example, X X, X X; Xo Xo Xo Xo X3 X3 X3 X, X5
and X5 X X7 X7 X7 Xg X Xg Xs X9 XgXgXyg are dual to each other. Adding X3, X4 or Xj to the first
hand will yield a winning hand. Accordingly, adding X7, X or X to the second hand will yield a
winning hand. Evidently, the dual hand of the “Nine Gates" is itself.

23231 LB 1~05 % 43EL 36EM - R L ALY o 2N AT
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(b) B & — Hr s o4 s (:1)(;) » ¥ nl4--n9=13 -

36 :
OETES T ETE TR o
262144
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Proposition 5.1. Consider the 93600 different 13 dot hands.

(a) The “Nine Gates” X1 X1 X1 X2X3X4X5X6X7X3X0X9X0 is the unique hand winning all 9
pieces with the probability of 0.000113 for a 13 dot hands as shown in Proposition 3.1 (c).

(b) There are 16 hands winning 8 pieces with a combined probability 0.0001 of drawing.
X3 X3 X3 X4 X5 X6 X7 X5 X5 X5 X9X9Xg [winning except for the 1 dot tile]
X3 X3 X3 X1 X5 X5 X6X6X7X7X5Xs Xz [winning except for the 1 dot tile]
X3 X3 X3 Xy Xy X5 X5 X6 X6 X7 X3 X X5 [winning except for the 1 dot tile]
Xo X3 X1 X4 Xa X1 X5X6X7X5X0X0X0g [Winnillg except for the 4 dot tile]
XoX3X3X3X3X4 X4 X5X6X7XsXgXg [winning except for the 3 dot tile]
XoXoXo X3 Xy X5 X6 X7 X7 X7X9Xe X9 [winning except for the 9 dot tile]
XoXoXoX3X4X5X6X7X7X7 X3 X3 Xy [winning except for the 9 dot tile]
XoXo Xo X3 Xy X5 X X7 X7 X7 X7 X5 X9 [winning except for the 7 dot tile]
Xo X2 X2 X3 X1 X5 X6 X6 X7 X7 X7 X7 X3 [willllillg except for the 7 dot tile]
X2 X2 X2 X3X1X4X5X5X6X6X7X7X7 [winning except for the 9 dot tile]
XoXo Xo X3 X3 Xy Xy X5 X5 X6 X7 X7 X7 [winning except for the 9 dot tile]
XoXoXoX3X3X3X,X5XeX7XsXsXg [winning except for the 1 dot tile]
X1 XoX3X3X3X3X4X5X6X7XsXs X3 [winning except for the 3 dot tile]
X1 X1 X1 X3 X3X3X,X5 X6 X7 X5 Xs X3 [winning except for the 1 dot tile]
X1 X1 X1 X2X3X1X5X6X6X6X6X7X3 [winning except for the 6 dot tile]
X1 X1 X1 X2X2X2X3X4 X5 X6X7X7X7 [winning except for the 9 dot tile]

(¢) There are 79 hands of “Seven Gates” with a combined probability 0.000942 of drawing.
(d) There are 392 hands of “Siz Gates” with a combined probability 0.005408 of drawing.
o There are 1335 hands of “Five Gates” with a combined probability 0.014215 of drawing.
e There are 2948 hands of “Four Gates” with a combined probability 0.029812 of drawing.

e There are 6739 hands of “Three Gates” with a combined probability 0.097559 of drawing.

e There are 14493 hands of “Two Gates” with a combined probability 0.178968 of drawing.
e There are 14067 hands of “One Gate” with a combined probability 0.148473 of drawing.

e There are 53530 hands which cannot win with any additional piece, with a combined probability

0.524409 of drawing.

32 5.1

(a) K 3.1(c) > “A4 M T E 9l X1 XaXa XX Xy X5 X X7 Xz Xo Xo Xg
W35 0.000113

(b) 2* 1648 “~ 7 AW # 8 A 2 Al 5 - 5 0. 0001
() T946” = 7 934855 0.000942

(3 39247 = " AP435 0.005408

1335 4" I 7 @Al 5o 0.014215

2048 2" w 7 g Al F oL 0.029812

6739 f&” = 7 WA Ffoi 0.097559

14493 48" = ™7 WA F -5 0. 178968

14067 &7 - ™7 g3l 5 fo s 0.148473

~=h

=k =k = =\
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