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Problem 1. Let ABC be acute triangle with altitudes AD, BE and C'F', and let O
be the center of its circumcircle. Show that the segments OA, OF, OB, OD,0OC,OF
dissect the triangle ABC' into three pairs of triangles that have equal areas.
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Problem 2. Determine all positive integers n for which [\;‘%“512 is an integer. Here

[r] denotes the greatest integer less than or equal to 7.
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Problem 3. For 2k real numbers ay, as, - - - ,ag, by, bo, - - - , by define the sequence
of number X,, by

k
i=1

If the sequence X,, forms an aritemetic progression, show that Zle a; must be
an integer. Here [r] denotes the greatest integer less than or equal to .
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Problem 4. Let a and b be positive integers, and let A and B be finite sets of
integers satisfying:

(i) A and B are disjoint.

(i1) if an integer ¢ belongs either to A or to B, then either ¢ + a belongs to A or
» — b belongs to b.

Prove that a|A| = b| B|. (Here X denotes the number of elements in the set X.)
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Problem 5. Let ABC' D be a quadrilateral inscribed in a circle w, and let P be a
point on the extension of AC such that PB and PD are tangent to w. The tangent
at C intersects PD at () and the line AD at R. Let E be the second point of
intersection between A() and w. Prove that B, F/, R are col
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Problem 2. Determine all positive integers n for which [\;‘%“512 is an integer. Here

[r] denotes the greatest integer less than or equal to 7.
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Problem 2. Determine all positive integers n for which NoLES] is an integer. Here [r]
denotes the greatest integer less than or equal to r.

Solution. We will show that there are no positive integers n satisfying the condition of
the problem.

Let m = [\/n] and a = n—m?. We have m > 1since n > 1. From n*+1 = (m*+a)*+1 =
(a—2)%*+1 (mod (m?+2)), it follows that the condition of the problem is equivalent to the
fact that (@ — 2)? + 1 is divisible by m? + 2. Since we have

0<(a—2)2+1<max{2% (2m —2)’} +1<4m® +1 < 4(m* + 2),



we see that (a — 2)? + 1 = k(m? + 2) must hold with £ = 1,2 or 3. We will show that none
of these can occur.

Case 1. When k = 1. We get (a —2)* —m? = 1, and this implies that a —2 = 1, m = 0
must hold, but this contradicts with fact m > 1.

Case 2. When k = 2. We have (a — 2)? + 1 = 2(m? + 2) in this case, but any perfect
square is congruent to 0, 1,4 mod 8, and therefore, we have (a —2)?> +1 = 1,2,5 (mod 8),
while 2(m? 4+ 2) = 4,6 (mod 8). Thus, this case cannot occur either.

Case 3. When k = 3. We have (a — 2)* + 1 = 3(m? + 2) in this case. Since any perfect
square is congruent to 0 or 1 mod 3, we have (a—2)?+1 = 1,2 (mod 3), while 3(m?+2) =0
(mod 3), which shows that this case cannot occur either.
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Problem 2. Determine all positive integers n for which

IS an integer. Here [r] denotes the greatest integer less then or equal to r.
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A:Suppose a =[yn],b=n—a’*=>n=a*+b
[V 1?+2 = a? + 2
4n? + 1 = 4(a®? + b)2+1 = (2a? + 2b)?+1 = (2b — 4)? + 1(mo

[Vn]?< n < ([Vn]*+1)* -1
2< n <da’+2a

< n-—a*<2a
<

a
0
0 b < 2a



v ) < b < 2a

0 < (2b — 4)2+1 < Max{16, (4a — 4)2} + 1

e

16a% —
6a? —32a+16 + 1 < 16a® + 1 < 16a® + 32 = 16(a? + 2)

2
4n®+1  (2b- 4)2+1  16(a? + 2)

[Vn ]?+2 Z+2 a2+2 16

- 4n® + 1
iz k k=1{1,23,..,14,15}




Case 1: whenk =1, (2b — 4)?+1 =a? + 2
(2b — 4)2—a? = 1
(2b—4+2a) 2b—4—a) =1

2b—4+a=1
+)2b—4—a=-1

4b—-8=0 ,b=2,a*=—-1l,a=V-1(-«)
Case 2:when k = 2,4(b — 2)% + 1= g(aZ +2) (<)

odd even
~k =2n(n €Z%) Use Case 2.result




Case 3:whenk = 3,4(b—2)>+1 = 3(a? + 2)
4(b —2)?+1=1,2 (mod 3)
3(a®+2)= 0 (mod3)
~k=3n(ne€Z%) Use Case 3.result

Case 4:whenk =5,4(b—2)? +1 =5(a? + 2)
4(b—2)>+1= 1 (mod4)
5(a? +2) = 2,3 (mod 4)(—«)

Case 5:whenk = 7,4(b—2)*+1=7(a*+2)
4(b—2)2 +1 = 1,2,3,5(mod 7)
7@ +2)= 0 (mod7)(—«<)




Case 6:whenk = 11, 4(b—2)?> + 1 = 11(a® + 2)
4(b—-2)>+1=1,2,4,5,6,10(mod 11)
11(a? +2) = 0 (mod 11)(—+«)

Case 7:when'k = 13, 4(b—2)? + 1 = 13(a® + 2)
4(b—2)?+1 = 1(mod 4)
13(a? + 2) = 5(a® + 2) = 2,3(mod 4)(—<)

Case 1~7 shows that there are no positive intergersn
satisfying the problem.
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