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分析類別

問題一:幾何

問題二:數論

問題三:代數

問題四:代數

問題五:幾何
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同餘

 同餘在數學中是指數論中的一種等價關係

 當兩個整數除以同一個正整數，若得相同餘數，則二整數同餘。

同餘性質之一

411031109

https://zh.wikipedia.org/wiki/%E6%95%B8%E8%AB%96
https://zh.wikipedia.org/wiki/%E7%AD%89%E5%83%B9%E9%97%9C%E4%BF%82
https://zh.wikipedia.org/wiki/%E6%95%B4%E6%95%B0
https://zh.wikipedia.org/wiki/%E4%BD%99%E6%95%B0


官方詳解
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改寫2013 APMO第二題

Problem 2. Determine all positive integers n for which                

is an integer. Here [r] denotes the greatest integer less then or equal to r.
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Q: ∈ 𝑧+
?

A:𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑎 = 𝑛 , b=n − 𝑎2 ⇒ n = 𝑎2 + b
[ 𝑛 ]2+2 = 𝑎2 + 2

4𝑛2 + 1 = 4(𝑎2 + b)2+1 = (2𝑎2 + 2b)2+1 ≡ 2𝑏 − 4 2 + 1 𝑚𝑜𝑑 𝑎2 + 2

[ 𝑛] 2≤ 𝑛 ≤ 𝑛 2 + 1 2 − 1
𝑎2 ≤ 𝑛 ≤ 𝑎2 + 2a
0 ≤ 𝑛 − 𝑎2 ≤ 2𝑎
0 ≤ 𝑏 ≤ 2𝑎
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0 < (2b − 4)2+1 ≤ Max 16, 4a − 4 2 + 1

16𝑎2 − 32a + 16 + 1 < 16𝑎2 + 1 < 16𝑎2 + 32 = 16(𝑎2 + 2)

0 ≤ 𝑏 ≤ 2𝑎

∴

4𝑛2 + 1

[ 𝑛 ]2+2
=
(2b − 4)2+1

𝑎2 + 2
<
16(𝑎2 + 2)

𝑎2 + 2
= 16

let
4𝑛2 + 1

[ 𝑛 ]2+2
= k 𝑘 = {1,2,3, … , 14,15}
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𝐶𝑎𝑠𝑒 1:𝑤ℎ𝑒𝑛 𝑘 = 1 , (2b − 4)2+1 = 𝑎2 + 2
(2b − 4)2−𝑎2 = 1
(2b − 4 + a) 2b − 4 − a = 1

2b − 4 + a = 1
+)2b − 4 − a = −1

4𝑏 − 8 = 0 , b = 2 , 𝑎2 = −1, a = −1 (→←)

𝐶𝑎𝑠𝑒 2:𝑤ℎ𝑒𝑛 𝑘 = 2, 4(b − 2)2 + 1 = 2(𝑎2 + 2) (→←)

𝑜𝑑𝑑 𝑒𝑣𝑒𝑛

∴ 𝑘 = 2𝑛 𝑛 ∈ 𝑍+ Use Case 2. result
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𝐶𝑎𝑠𝑒 3:𝑤ℎ𝑒𝑛 𝑘 = 3, 4(b − 2)2 + 1 = 3 𝑎2 + 2
4(b − 2)2+1 ≡ 1 , 2 (𝑚𝑜𝑑 3)

3 𝑎2 + 2 ≡ 0 𝑚𝑜𝑑 3
∴ 𝑘 = 3𝑛 𝑛 ∈ 𝑍+ Use Case 3. result

𝐶𝑎𝑠e 4:𝑤ℎ𝑒𝑛 𝑘 = 5, 4(b − 2)2 + 1 = 5 𝑎2 + 2
4(b − 2)2 + 1 ≡ 1 (𝑚𝑜𝑑 4)

5 𝑎2 + 2 ≡ 2 , 3 (𝑚𝑜𝑑 4)(→←)

𝐶𝑎𝑠𝑒 5:𝑤ℎ𝑒𝑛 𝑘 = 7, 4(b − 2)2 + 1 = 7 𝑎2 + 2
4(b − 2)2 + 1 ≡ 1,2,3,5 𝑚𝑜𝑑 7

7 𝑎2 + 2 ≡ 0 (𝑚𝑜𝑑 7)(→←)
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𝐶𝑎𝑠𝑒 6:𝑤ℎ𝑒𝑛 𝑘 = 11, 4(b − 2)2 + 1 = 11 𝑎2 + 2
4(b − 2)2 + 1 ≡ 1,2,4,5,6,10 𝑚𝑜𝑑 11

11 𝑎2 + 2 ≡ 0 𝑚𝑜𝑑 11 (→←)

𝐶𝑎𝑠𝑒 7:𝑤ℎ𝑒𝑛 𝑘 = 13, 4(b − 2)2 + 1 = 13 𝑎2 + 2
4(b − 2)2 + 1 ≡ 1 𝑚𝑜𝑑 4

13 𝑎2 + 2 ≡ 5 𝑎2 + 2 ≡ 2,3 𝑚𝑜𝑑 4 (→←)

𝐶𝑎𝑠𝑒 1~7 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑛𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑟𝑔𝑒𝑟𝑠 𝑛
𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚.
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