B
JE ik L i
B —1E3E3(APM
L 02016)

41073$H

1207

210731210 %ﬁg{%

410731214 ZH 2

410731215 ﬁ%ﬁﬁ
10731241 ﬁ)ﬁiﬁ




1. We say that a triangle ABC is great if the following holds:

for any point D on the side BC, if P and Q are the feet of the
perpendiculars from D to the lines AB, AC, respectively, then the
reflection of D in the line P Q lies on the circumcircle of the triangle

ABC.

Prove that triangle ABC is great if and only if ZA =90°and AB =
AC.
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Solution:

For every point D on the side BC, let D’be the reflection of D in the
line PQ.

We will first prove that if the triangle satisfies the condition then it is
isosceles(Z /i) and right-angled(JEL£5) at A.

Choose D to be the point where the angle bisector(fY243%3%) from A
meets BC.

Note that P and Q lie on the rays AB and AC respectively.
Furthermore, P and Q are reflections of each other in the line AD,
from which it follows that PQ L AD.

Therefore, D’ lies on the line AD and we may deduce that either D'= A
or D' is the second point of the angle bisector at A and the
circumcircle(5}+#% @) of ABC.




However, since APDQ is a cyclic quadrilateral ([E|NE2/U#37), the
segment PQ intersects the segment AD.

Therefore, D’ lies on the ray DA and therefore D'= A. By angle
chasing we obtain ZPD'Q = £ZPDQ =180° — £LBAC,and since D' = A
we also know ZPD'Q = ZBAC. This implies that ZBAC =90°.
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Now we choose D to be the midpoint of BC. Since ZBAC =90° , we can
deduce that DQP is the medial triangle of triangle ABC. Therefore,
PQ||BC from which it follows that DD’ L BC. But the distance from D’
to BC is equal to both the

circumradius of triangle ABC and to the distance from A to BC. This
can only happen if A= D' . This implies that ABC is isosceles and
right-angled at A.




We will now prove that if ABC is isosceles and right-angled at A then
the required property in the problem holds.

Let D be any point on side BC. Then D'P =DP and we also have DP =
BP. Hence, D’P = BP and similarly D'Q = CQ.

Note that AP DQD' is cyclic with diameter PQ(E£R).




Therefore, Z APD'= ZAQD’, from which we obtain £BPD’' =
ZCQD'. So triangles D'PB and D'QC are similar.

It follows that ZPD'Q = £PD'C - ZCD'Q=4LPD'C- 4LBD'P=
ZBD'C and D'P/D'Q =D'B /D'C.

So we also obtain that triangles D'P Q and D’BC are similar. But since
DPQ and D'PQ are congruent(2£%), we may deduce that ZBD'C =
ZPD'Q = ZPDQ =90°. Therefore, D' lies on the circle with
diameter(IEf€) BC, which is the circumcircle of triangle ABC.
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2.A positive integer is called fancy if it can be expressed in the form
2(11 _I_ 2(12 + - + 2(1100‘

, where al, a2, - - - , al00 are non-negative integers that are not
necessarily distinct. Find the smallest positive integer n such that no
multiple of n is a fancy number.
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3.Let AB and AC be two distinct rays not lying on the same line, and
let ® be a circle with center O that is tangent to ray AC at E and ray
AB at F. Let R be a point on segment EF. The line through O parallel
to EF intersects line AB at P. Let N be the intersection of lines P R and
AC, and let M be the intersection of line AB and the line through R
parallel to AC. Prove that line MN is tangent to o.
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4. The country Dreamland consists of 2016 cities. The airline Starways
wants to establish some one-way flights between pairs of cities in such
a way that each city has exactly on flight out of it. Find the smallest
positive integer k such that no matter how Starways establishes its
flights, the cities can always be partitioned into k groups so that from
any city it is not possible to reach another city in the same group by
using at most 28 flights.
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5.Find all functions f : R + — R + such that
(z + DIi(x +y) =1(xf(z) + y) + 1(yf(z) + x)
, for all positive real numbers x, y, z

2 AR ERER f: R+ > R+
(z + DI(x +y) =1(xf(z) +y) + f(yf(z) + x)
, HTANEESE Xy, z
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