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Problem 1

Day 1. Solutions

Problem 1 (Netherlands). Find all triples (a, b, ¢) of real numbers such that ab+ be +
ca =1 and
a’b+c=b’c+a=c’a+b.

B FrEES(a,b,c)lIHE - E15ab+bct+ca=1Har2b+c=bAc+a=cr2a+b




Problem 2

Problem 2 (Luxembourg). Let n be a positive integer. Dominoes are placed on a
2n x 2n board in such a way that every cell of the board is adjacent to exactly one cell
covered by a domino. For each n, determine the largest number of dominoes that can be
placed in this way.

(A domino is a tile of size 2 x 1 or 1 x 2. Dominoes are placed on the board in such a
way that each domino covers exactly two cells of the board, and dominoes do not overlap.
Two cells are said to be adjacent if they are different and share a common side.)

R n B—IEEE - £—(E 2nx2npVHE ENEB M - EFHBIE —(EE 4
tedF A —(E R B EBZRVIE MM - BHREE n - EERNINER N FRZOIL
MEZMMES M -

( BEEXRNG 2x18 1x2095 R - BEENEEEHE LI - SEBMIEHES
HE FAMEREF - BERZEAEE - EmEEFARBEEHRREE - AIEE
IR HHES - )



Problem 3

Problem 3 (Poland). Let ABC be a triangle such that ZCAB > ZABC, and let I
be its incentre. Let D be the point on segment BC' such that ZCAD = ZABC'. Let w
be the circle tangent to AC' at A and passing through 7. Let X be the second point of
intersection of w and the circumcircle of ABC'. Prove that the angle bisectors of ZDAB
and ZC X B intersect at a point on line BC'.

=—AFEABCHACAB>EABC - HIB=AFABCZAL - (EDA#RRBC_LAY—
= fER %CAD-%ABC FuREAREACHIILZBIAE - EXFwEiabe
IMEEIRVSE B3R - FBARADABRYA S AR FIACXBAR R —RR4XERBC L -




Problem 4

Day 2. Solutions

Problem 4 (Poland). Let ABC be a triangle with incentre I. The circle through B
tangent to Al at I meets side AB again at P. The circle through C' tangent to Al at [
meets side AC' again at ). Prove that P(Q is tangent to the incircle of ABC.

sRABCA—=—AFBERALRI - 21834 B H#E I R Al ARV E B2 AB HAZH
=0 P - #&2B% C BE IR Al HIIAVE B2 AC B3R F Q - FEHH PQ &
ABC HIAtTIE481]] -




Problem 5

Problem 5 (Netherlands).
Let n > 2 be an integer, and let a,, a,,...,a, be positive integers. Show that there exist
positive integers by, bo, . .., b, satisfying the following three conditions:

L. s £ h rs=1.2.....%

2. the remainders of by, bs, ..., b, on division by n are pairwise different; and

== aadlog:
3. b1+---+bn§n(n2 +la‘+ e J)

n

(Here, | x| denotes the integer part of real number z, that is, the largest integer that does
not exceed x.)

n>=28—%% . HSa 1,a 2,..a nB1EEE - BIAFEEEEEDb 1,b 2,....b nim BT =E1&H :
1. 85mRi=1,2,..n Hai<=bi
2.b 1,b 2,...b nBRUNAYEREIARTE]

e 1 i
3.b1+---+bn§n(n +V‘+ = J)
2 n




Problem 6

Problem 6 (United Kingdom).

On a circle, Alina draws 2019 chords, the endpoints of which are all different. A point is
considered marked if it is either

(i) one of the 4038 endpoints of a chord; or

(ii) an intersection point of at least two chords.

Alina labels each marked point. Of the 4038 points meeting criterion (i), Alina labels
2019 points with a 0 and the other 2019 points with a 1. She labels each point meeting
criterion (ii) with an arbitrary integer (not necessarily positive).

Along each chord, Alina considers the segments connecting two consecutive marked points.
(A chord with & marked points has & — 1 such segments.) She labels each such segment
in yellow with the sum of the labels of its two endpoints and in blue with the absolute
value of their difference.

Alina finds that the N + 1 yellow labels take each value 0,1,..., N exactly once. Show
that at least one blue label is a multiple of 3.

(A chord is a line segment joining two different points on a circle.)



Problem 6

#—{EE L - Alina £7 2019 185 - BLEZNIRREBAR - MR—ER/FSUATE—EE - BlZ
RARRA T1REC. ¢

(i).=2 4038 {EZVIm AL Z —

(i). EZ D MIRZAYIIRE -

Alina BB EIRCRMRLIRE - ®imERH (i) AY 4038 ERLD - Alina BE S 2019 EFE L O -
5% 2019 ERGIRE 1 - ARREHRGE (i) NEEMELE—EEIERE (F—EREH) - oEEBK
5% - Alina & R M BT 2BV - (—1REA k ERECFRIEEA k - 1 BRERAVARER - )
MmAS—RERNGRELEGRE  HEAXERMERIMTHRZH - BiR LERRE - HEAW
Eim2hiRE 2 =R4EHE - Alina IR N + 1 B=2REIRESINEO L, ... N&F—X - FRED
A—EEeRES 3NER - ( "%, ENEEEE LMEARRMVRER - )
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Problem 1

Find all triples (a,h,c) of real numbers such that ah+hc+ca=1
and

a2 h+c=h? ¢c+a=cZ a+h.



solution

(i) abe P —ER0
ab+bc+ca=1 = ah=1-bc-ca
= a2h+c=h?c+a=a-ahc-aZc+c
= claz+hz+ah-11=0
yN5Re=0— ah=1,a2h=h = a=h=+1
=38 . 0%Ra=0 - S h=c=+1 - {1RD=0 - Fa=c==1
R - R aCEP—E=0 - 5 IrmifE DRI A1 - Fol LU 2 &4 -




(i) ab,e 19K 50
az+h2+ah=1-(1)
h2+¢2+he=1-(2)
c2+az+ca=1-13)
(1)+(2)+(3)>2(a2+h2+c¢2)+(ab+hc+cal=3
= (az+h2+¢2=1
=(a+h)2+(h+c)2+(c+a)=0
=a=h=¢ ¥ Aa2+h2+ah=1
=a=b=¢=1v1/3
It - iR abheia~=0 - ([ahel=x(vV1/3,¥1/3,V1/3) - BAulLUR &G -
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FH{EL AYProblem 1

Find all triples (a,b,c) of real numhers such that ab+hc+ca=4
and
aZ h+4c¢=h2 ¢+4a=c2 a+4h.



solution

(i) abe Ef—{E%0
ab+hc+ca=4 = ab=4-hc-ca
= azh+4c=h?c+da=c2a+dh
gN5Re=0— ab=1,a2h=h = a=h=12
E3E - W5Ra=0 - Sh=c=12 - 11Rb=0 Sa=c=+12
At - MR abeEF—E=0 - BINMIEDBIH+250-2 - FHOTLUR IR -




(ii) aheciafAE0
aZ+hZ+ah=4-1)
h2+¢2+he=4-12)

c2+a’+ca=4-(3)
(1+(2)+(3)=2(a?+h2+¢2)+(ab+hc+ca)=12
=al+h2+¢2=4

>a’+ab+h’=4
=c2=ah

@38 =>h?=ca & a’=h¢
=a=h=¢ 1\ AaZ+h2+ah=4

=a=h=c=+2/V3
Et - 20 aheig~=0 - (@ahe)l=+(2/v3,2/V3,2/V3)




