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Let ABC be an acute-angled triangle in which BC < AB and BC < CA. Let
point P lie on segment AB and point Q lie on segment AC such that P ~ B,
Q/F~ C and BQ= BC= CP. Let T be the circumcentre of triangle AP Q, H
the orthocentre of triangle ABC, and S the point of intersection of the lines
BQ and CP . Prove that T , H and S are collinear.
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Let N={1, 2, 3, .. .}be the set of all positive integers. Find all functions f: N —N
such that for any positive integers a and b, the following two conditions hold:
(1) f (ab) = f (a)f (b), and
(2) at least two of the numbers f (a), f (b) and f (a + b) are equal.
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(1) f(ab) =f (a)f (b), %
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Problem 3. An infinite sequence of positive integers ay,as, ... is called good if
(1) ay is a perfect square, and
(2) for any integer n > 2, a,, is the smallest positive integer such that
nay +(n—1)as +...4+ 2ap,-1 + a,
is a perfect square.

Prove that for any good sequence aq,as,..., there exists a positive integer k such that a,, = a; for all
integers n > k.
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Given a positive integer n = 2, determine the largest positive integer N for which
there exist N + 1 real numbersa 0,a 1,...,a N such that

(1)a 0+a 1=-1/n,and
(2) (a_k+a k-1)(a k+a k+t1)=a k-1-a k+1for1<k<N-1.

BE . AE—EARSR_IEESRN - EFHFENH1ERa_0,a_1,..,a_N
Pl(1)a 0+a 1=-1/n, A

(2) (a_k+a k-1)(a k+a k+t1)=a k-1-a k+1for1<k<N-1.
TR TE B AN LIEZREIN.
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For all positive integers n,k, let f(n,2k) be the number of ways an n x 2k board can
be fully covered by nk dominoes of size 2 x1. (For example, f(2,2) = 2 and f(3,2) =
3.) Find all positive integers n such that for every positive integer k, the number
f(n,2k) is odd.
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Let ABCD be a cyclic quadrilateral with circumcentre O. Let the internal angle
bisectors at A and B meet at X, the internal angle bisectors at B and C meet at Y,
the internal angle bisectors at C and D meet at Z, and the internal angle bisectors
at D and A meet at W. Further, let AC and BD meet at P. Suppose that the points
X,Y,Z,W,0 and P are distinct. Prove that O,X,Y,Z and W lie on the same circle if
and only if P,X,Y,Z and W lie on the same circle.
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In the same way as in the previous solution, we see that ZPSQ=180/E-2£A,
so £CSQ=22A. From the cyclic quadrilateral AEHD (with E and D feet of the
altitudes CH and BH) we see that zDHC = ZDAE = £A. Since BH is the
perpendicular bisector of CQ, we have 2DHQ = £A as well, so ZCHQ = 2£A.
From £CHQ = 2£A =2CSQ, we see CHSQ is a cyclic quadrilateral. This
means £QHS = 2QCS.

Since triangles PTQ and CHQ are both isosceles with apex 2£A, we get
APTQ ~ ACHQ. We see that one can be obtained from the other by a spiral
similarity centered at Q, so we also obtain AQTH ~ AQPC. This means that
£QHT =2QCP. Combining this with LQHS = 2QCS, we see that £ZQHT
=£QCP = £QCS = £QHS. So £QHT = £QHS, which means that T, Sand H
are collinear.
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